Clifford algebra, geometric algebra, 
and applications 



Douglas Lundholm and Lars Svensson 

Department of Mathematics, KTH 
SE-100 44 Stockholm, Sweden 



Abstract 

These are lecture notes for a course on the theory of Chfford algebras, 
with special emphasis on their wide range of applications in mathematics 
and physics. Clifford algebra is introduced both through a conventional 
tensor algebra construction (then called geometric algebra) with geomet- 
ric applications in mind, as well as in an algebraically more general form 
which is well suited for combinatorics, and for defining and understand- 
ing the numerous products and operations of the algebra. The various 
applications presented include vector space and projective geometry, or- 
thogonal maps and spinors, normed division algebras, as well as simplicial 
complexes and graph theory. 



Preface 



These lecture notes were prepared for a course held at the Department of Math- 
ematics, KTH, during the spring of 2009, and intended for advanced under- 
graduates and Ph.D. students in mathematics and mathematical physics. They 
are primarily based on the lecture notes of L.S. from a similar course in 2000 
[39] . and the M. Sc. Thesis of D.L. in 2006 [29]. Additional material has been 
adopted from [571 [HI [2H| as well as from numerous other sources that can 
be found in the references. 

When preparing these notes, we have tried to aim for 

- efficiency in the presentation, made possible by the introduction, already 
at an early stage, of a combinatorial approach to Clifford algebra along 
with its standard operations. 

- completeness, in the sense that we have tried to include most of the stan- 
dard theory of Clifford algebras, along with proofs of all stated theorems, 
or (when in risk of a long digression) reference to where a proof can be 
found. 

- diversity in the range of applications presented - from pure algebra and 
combinatorics to geometry and physics. 

In order to make the presentation rather self-contained and accessible also to 
undergraduate students, we have included an appendix with some basic notions 
in algebra, as well as some additional material which may be unfamiliar also 
to graduate students. Statements requiring a wider mathematical knowledge 
are placed as remarks in the text, and are not required for an understanding of 
the main material. There are also certain sections and proofs, marked with an 
asterisk, that go slightly outside the scope of the course and consequently could 
be omitted by the student (but which could be of interest for a researcher in 
the field). 

We are grateful to our students for valuable input, as well as to John Baez for 
correspondence. D.L. would also like to thank the Swedish Research Council 
and the Knut and Alice Wallenberg Foundation (grant KAW 2005.0098) for 
financial support. 



Contents 



1 Introduction 

1.1 Grassmann's idea of extensive quantities . . . 

1.2 ClifTord's application of the extensive algebra 



Foundations m 

2.1 Geometric algebra (y, q) l6 

2.2 Combinatorial Clifford algebra CZ(X, i?, r) 

2.3 Standard operations 



Vector space geometry 

3.1 Blades and subspaces 

3.2 Linear functions 

3.3 Projections and rejections 

3.4 Some projective geometry 

3.4.1 The cross ratio in pi(IR) 

3.4.2 Cross ratios and quadrics in P^(M) 

3.4.3 Pascal's theorem 

3.4.4 Polarizations in quadrics 



Discrete geometry 

4.1 Simplicial complexes 

4.1.1 Chain maps and complex morphisms . . . 

4.1.2 An index theorem and Sperner's lemma . 

4.1.3 Homology 

4.2 The number of spanning trees in a graph 

4.3 Fcrmionic operators 

4.4 Infinite-dimensional Clifford algebra 

4.5 *Generalized infinite-dimensional Clifford algebra 



Classification of real and complex geometric algebras 

5.1 Matrix algebra classification 

5.2 Graded tensor products and the mother algebra 



Groups 

6.1 Groups in Q and their actions on Q 

6.2 The Cartan-Dicudonne Theorem . 

6.3 The Lipschitz group 

6.4 Properties of Pin and Spin groups 

6.5 The bivector Lie algebra .... 

6.6 Examples in lower dimensions . . . 

6.6.1 The euclidean line 

6.6.2 The anti-euclidean line . . . 

6.6.3 The degenerate line .... 

6.6.4 The euclidean plane .... 

6.6.5 The anti-euclidean plane . . 

6.6.6 The lorentzian plane .... 

6.6.7 The space algebra 

6.6.8 The spacetime algebra . . . 



6.6.9 *The Dirac algebra 8C 

6.7 *Norm functions and factorization identities |81 

7 Euclidean and conformal geometry 

7.1 Linearization of the Euclidean group 83 

7.2 Conformal algebra [84 

8 Representation theory 

8.1 Examples 88 

8.1.1 Normed division algebras 

8.1.2 Vector fields on spheres |9C 

9 Spinors |{ 

9.1 Spin representations 92 

9.2 Ideal spinors 95 

9.3 Mixed-action spinors |95 

10 Some Clifford analysis on M" [H 

11 The algebra of Minkowski spacetime [97 

A Appendix [oi 

A.l Notions in algebra 98 

A. 1.1 Basic notions 98 

A. 1.2 Direct products and sums 101 

A.l. 3 Lists 103 

A. 1.4 The free associative i?-algebra generated by A 103 

A. 1.5 Quotients 104 

A. 1.6 Tensor products of modules 105 

A. 1.7 Sums and products of algebras 105 

A.l. 8 The tensor algebra T{V) 106 

A. 2 Expansion of the inner product 106 

A. 3 Extension of morphisms 107 

A.4 Matrix theorems 108 



References 



111 



1 Introduction 

Let us start with an introducton, in terms of modern language, to the ideas 
of Hermann Giinther Grassmann (1809-1877) and WilUam Kingdon CHfTord 
(1845-1879). For a detailed account of the history of the subject, see e.g. [27] . 

1.1 Grassmann's idea of extensive quantities 

Let us consider our ordinary physical space which we represent as M"^. An 
ordered pair {P, Q) in M.^ x IR^ is called a line segment, and we think of it as 
directed from the point P to the point Q. We call two line segments equivalent 
if one can be transformed into the other by a translation. This leads to the 
original picture of a vector as an equivalence class of directed line segments. 
Note that such a vector can be characterized by a direction, in the form of a 
line through the origin and parallel to the line segment, an orientation, i.e. the 
direction along the line in which it points, and a magnitude, or length of the 
segment, represented by a positive number. We are very familiar with how to 
add, subtract and rescale vectors. But can they be multiplied? We of course 
know about the scalar product and the cross product, but we shall introduce a 
new product called the outer product. 




Figure 1.1: A directed line segment {P,Q) and a pair of plane surface areas A 
and A' in the planes P and P' , respectively. 

Let A denote a plane surface area, in a plane P, endowed with an "orien- 
tation" or "signature" represented by a rotation arrow as in Figure 11.11 If A' 
denotes another plane surface area in a plane P' , also endowed with a rotation 
arrow, then we shall say that A is equivalent to A' if and only if P and P' are 
parallel, the areas of A and A' are the same, and if the rotation arrow is directed 
in the same way after translating A' to A, i.e. P' to P. Equivalence classes of 
such directed surface areas are to be called 2-hlades (or 2-vectors). 

We observe that a 2-blade A can be represented as a parallelogram spanned 
by two vectors a and b in the same plane as A, according to Figure [L2l and call 
it the outer product of a and h and denote it by a A b. If the area of A is zero 
then we write A = {]. Hence, a A a = 0. By —A we denote the equivalence class 
of plane surface areas with the same area and in the same plane as A, but with 
an oppositely directed rotation arrow. Thus, e.g. —(a A 6) = 6 A a. 

We would now like to define the sum of two 2-blades A and B. li A and B 
are represented by plane surface areas in the planes P and Q, respectively, then 
we can translate Q such that P OQ contains a line L. We then realize that we 
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Figure 1.2: A 2-blade A represented by an outer product a A 6. 



a 




a 



Figure 1.3: Geometric interpretation of 6 A a = —a A b. 

can choose a vector c, parallel to L, such that A = a Ac and B = 6 A c for some 
vectors a in P, and b in Q. Now, we define 

A + B = a Ac + b Ac := {a + b) Ac, 

which has a nice geometric representation according to Figure 11.41 

Analogously, outer products of three vectors, aAbAc, or 3-blades, are defined 
as equivalence classes of "directed" volumes with the same volume as the parallel 
epiped generated by a, b and c, and with the orientation given by the handedness 
of the frame {a,b,c} (see Figure [T3|) . Furthermore, although we have chosen 
to work with ordinary three-dimensional space for simplicity, the notion of a 
blade generalizes to arbitrary dimensions, where a fc-blade can be thought of as 
representing a fc-dimensional linear subspace equipped with an orientation and 
a magnitude. 

1.2 Clifford's application of the extensive algebra 

Say that we are given three symbols {ei, 62, 63} and that we construct a game 
with these symbols by introducing the following set of rules: 

We may form words of the symbols by writing them next to each other (the 
empty word is denoted 1). 

We may also form linear combinations of such words, i.e. multiply/scale each 
word by a number, and add scaled words together - writing a plus sign between 
different words, and summing up the numbers in front of equal words. 

Furthermore, if two different symbols appear next to each other in a word then 
we may swap places and scale the word by —1, i.e. CiCj = —ejCi, i ^ j. 

Lastly, we impose a rule that if a symbol appears next to the same symbol then 
we may strike out them both, i.e. eiCi = 6262 = 6363 = 1. 
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Figure 1.4: Geometric interpretation of the sum A + B of a, pair of 2-blades. 




Figure 1.5: A 3-blade a Ab Ac. 



For example, 

61626163 = -61616263 = -6263. 

Similarly, we see that the only words that can appear after applying the reduc- 
tion rules are 

1, 61, 62, 63, 6162, 6163, 6263, and 616263, 

and that what we have obtained is just a game of adding and multiplying linear 
combinations of such words. 

As an example, consider a linear combination of the original symbols, 

a = fliei + 0262 + 0363, 

where ai, 02, as are ordinary (say, real) numbers. Then the square of this linear 
combination is 

:= aa = (aiei + 0262 + a3e3)(ai6i + 0262 + 0363) 
= a\eiei + 036262 + 036363 

+ (0102 - 0201)6162 + (0103 - 0301)6163 + (0203 - 0302)6263 
= {al + al+al)l. 

Similarly, if 6 = 6161 + 6262 + 6363 is another linear combination, then 

ab = (0161 + 0262 + 0363)1 (1.1) 
+ (0162 - 0261)6162 + (0163 - 0361)6163 + (0263 - 0362)6263, 

where we recognize the number in front of the empty word (the scalar part 
of 06) as the ordinary scalar product o • 6 of spatial vectors o = (01,02,03), 
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6361 




6l62 



Figure 1.6: The standard unit blades of ^ 



&= (61, 62, 63) in a cartesian coordinate representation, while the remaining part 
of the expression resembles the cross product a x b, but in terms of the words 
6162 instead of 63 etc. 

The geometric interpretation of the above construction in terms of our or- 
dinary space M.^ is that 61,62,63 represent orthonormal basis vectors, while 
6162, 6263, 6361 represent orthonormal basis blades corresponding to the coordi- 
nate planes, with a right-handed orientation and unit area (see Figure [TTB)) . The 
full word 616263 represents a unit 3-blade, i.e. a unit volume with right-handed 
oricntentation, while the empty word could be thought of as representing an 
empty blade, corresponding to the trivial zero-dimensional subspace. From this 
interpretation follows that the non-scalar part of l|l.ip is a sum of coordinate 
2-blades, with each component given by the corresponding component of the 
cross product. Recalling that the direction, orientation and magnitude of the 
vector a X 6 is determined by the direction and orientation of the vectors a, b and 
the area of the parallelogram spanned by a and b - similarly to how we defined 
a 2-blade above - it follows that the sum of these blades actually is equal to the 
blade a Ab, and the expression becomes simply 



ab = a • b 



.Ab. 



Let us see an example of why this representation of objects in space could 
be useful. Consider the ei62-plane spanned by the orthogonal unit vectors 61 
and 62. A rotation in this plane by an angle 9 can of course be understood as 
a linear map R determined by 



ei 

62 



R(6i) = COS 61 -I- sin 62, 
R(e2) = — sin6' 61 + cos9 62. 



(1.2) 



Now, note that 



(6162) 



61626162 



-61616262 



which means that the unit blade 6162 behaves like a complex imaginary unit in 
this regard, and we can rewrite (|1.2p af0 



and 



R(ei) = cos6 61 -I- sind 616162 = ei(cos6' + sm9 6162) = 616^ 



R(e2) = —sinO e^ei + cos 9 62 = 62 (sin 6* 6162 + cos 9) — 626^ 



Just like for complex numbers, wo could define the exponential expression in terms of sine 
and cosine, or alternatively, by the usual power series expansion. 
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This is of course not much more insightful than the representation of a rotation 
in the plane in terms of complex numbers. However, note that we can also write 

eie^'^i^^ = eie^^i^^e^^i^^ = d (cos f + sin f eics) e^''^''^ 
= (cos f - sin f eies) eie^^'^^ = e-^^'^'de^^'^' , 

and similarly, 

The point with the above rewriting is that the resulting expression also applies 
to the basis vector 63, which is orthogonal to the plane and thus unaffected by 
the rotation, i.e. 

R(e3) =63 = ese-^^'^'e^^'^' = e-^'^'^ese^''^^ 

where we used that 636162 = 616263. By linearity, the rotation R acting on any 
vector X € can then be written 

X ^ R{x) = e-i^^^^xei"'''^ = RxR'^ . (1.3) 

The object R := er~''^'^'^ is called a rotor, and it encodes in a compact way 
both the plane of rotation and the angle. Also note that by the generality 
of the construction, and by choosing a basis accordingly, any rotation in 
can be expressed in this form by some rotor R = 6°^'', where the blade a Ab 
represents both the plane in which the rotation is performed, as well as the 
direction and angle of rotation. As we will see, similar expressions hold true for 
general orthogonal transformations in arbitrary dimensions, and in euclidean 
space as well as in lorentzian spacetime. 
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2 Foundations 



In this section we define geometric algebra and work out a number of its basic 
properties. We first consider the definition that is most common in the math- 
ematical literature, where it is introduced as a quotient space on the tensor 
algebra of a vector space with a quadratic form. We see that this leads, in the 
finite-dimensional real or complex case, to the equivalent definition of an algebra 
with generators {ei, . . . , e„} satisfying the so-called anti- commutation relations 

CiCj -)- CjCi — 

for some given metric tensor (symmetric matrix) g. For physicists, this is per- 
haps the most well-known definition. 

We go on to consider an alternative definition of geometric algebra based on 
its purely algebraic and combinatorial features. The resulting algebra, which 
we call Clifford algebra due to its higher generality but less direct connection 
to geometry, allows us to introduce common operations and prove fundamental 
identities in a simple and straightforward way compared to the tensor algebraic 
approach. 

2.1 Geometric algebra Q{V,q) 

The conventional definition of geometric algebra is carried out in the context 
of vector spaces endowed with an inner product, or more generally a quadratic 
form. We consider here a vector space V of arbitrary dimension over some fielcS 
F. 

Definition 2.1. A quadratic form q on a vector space ^ is a map q: V ^ ¥ 

such that 

i) q{av) — a'^q{v) V a G F, w G V, and 

a) the map (w, w) t-^ q{v + w) — q{v) — q{w) is linear in both v and w. 

The corresponding bilinear form f3q{v, w) :— ^{q{v + w)— q{v) — is called 

the polarization of q. 

Many vector spaces are naturally endowed with quadratic forms, as the 
following examples show. 

Example 2.1. If V has a bilinear form (•, •) then q{v) :— {v,v) is a quadratic 
form and Pq is the symmetrization of (•, •). This could be positive definite (i.e. 
an inner product), or indefinite (a metric tensor of arbitrary signature). 

Example 2.2. If V" is a normed vector space over R, with norm denoted by | ■ |, 
and where the parallelogram identity \x + + \x — = 2|a;p + 2|yp holds, 
then q(v) := \v\'^ is a quadratic form and Pq is an inner product on V. This 
classic fact is sometimes called the Jordan- von Neumann theorem. 

Let 

°° k 

fc=0 

^See Appcndix lA.il if the notion of a field, ring or tensor is unfamiliar. 
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denote the tensor algebra over V, the elements of which are finite sums of tensors 
of arbitrary finite grades on V. Consider the two-sided ideal generated by all 
elements of the for ni V V — q{v) for vectors v, 

- {ll^fc^' ('^^^-^C^)) v&V, Ak,BkeT{V)y (2.1) 

k 

We define the geometric algebra over V by quoting out this ideal from T{V), 
so that, in the resulting algebra, the square of a vector v will be equal to the 
scalar q{v). 

Definition 2.2. The geometric algebra G{V,q) over the vector space V with 
quadratic form q is defined by 

GiV^q) ■.^T{V)/1,{V). 

When it is clear from the context what vector space or quadratic form we are 
working with, we will often denote Q{V,q) by G{V), or just G- 

The product in G^ called the geometric or Clifford product, is inherited from the 
tensor product in T{V) and we denote it by juxtaposition (or • if absolutely 
necessary), 

G^G ^G, 

iA,B) ^ AB ■~[A(g)B]= A'g>B + Iq. 
Note that this product is bilinear and associative. Furthermore, 

v"^ = [v 1^ v] — [v 1^ V - q{v)l] + q{v)lg = q{v), 

and 

q{v + w) = {v + wY — + vw + wv + w'^ = q{v) + vw + wv + q{w), 

so that, together with the definition of /Jg, we immediately find the following 
identities on G for all v,w & V - characteristic for a Clifford algebra: 

= q[v) and vw + wv = 2fiq{v,w). (2-2) 

One of the most important consequences of this definition of the geometric 
algebra is the following 

Proposition 2.1 (Universality). Let A he an associative algebra overV with a 
unit denoted by 1_4. If f : V —>^ A is linear and 

f{vf^q{v)lA yveV (2.3) 

then f extends uniquely to an ¥-algebra homomorphism F: G{V,q) — > A, i.e. 

F{a) = alA, V a e F, 

Fiv) = f{v), VveV, 

F{xy) = F{x)F{y), 

F{x + y) = F{x)+F{y), Vx,yeG. 

Furthermore, G is the unique associative ¥-algebra with this property. 

^It is common (mainly in the mathematical literature) to choose a different sign convention 
here, resulting in reversed signature in many of the following expressions. One argument for 
the convention we use here is that e.g. squares of vectors in euclidean spaces become positive 
instead of negative. 
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Proof. Any linear map f : V ^ A extends to a unique algebra homomorphism 
f : T{V) ^ A defined by f{u v) := f{u)f{v) etc. Property implies 
that / = on the ideal Tq{V) and so / descends to a well-defined map F on 
G(y, q) which has the required properties. Suppose now that C is an associative 
F-algebra with unit and that i : ^ C is an embedding with the property that 
any linear map f : V ^ A with property (j2.3p extends uniquely to an algebra 
homomorphism F : C ^ A. Then the isomorphism from V ^ Q to iiV) C C 
clearly induces an algebra isomorphism Q —t C. □ 

So far we have not made any assumptions on the dimension of V . We will 
come back to the infinite-dimensional case after discussing the more general Clif- 
ford algebra. Here we will familiarize ourselves with the properties of quadratic 
forms on finite-dimensional spaces, which will lead to a better understanding of 
the structure of geometric algebras. For the remainder of this section we will 
therefore assume that dimT^ = n < oo. 

Definition 2.3. A basis {ei, . . . , e„} of (V, q) is said to be orthogonal or canon- 
ical if 

q{ei e-j) = q{ei) + q{ej) 'ii^j, 

i.e. (for charF ^ 2) if (3q{ei, ej) — for all i ^ j- The basis is called orthonormal 
if we also have that q{ei) G { — 1, 0, 1} for all i. 

Orthogonal bases are essential for our understanding of geometric algebra, 
and the following theorem asserts their existence. 

Theorem 2.2. //charF ^ 2 then there exists an orthogonal basis of {V,q). 

Proof. If q{x) — QVx E V then every basis is orthogonal. Hence, we can assume 
that there exists x d V with q(x) ^ 0. Let e be such an element and define 

W = e^ = {x eV : I3q{x,e) =0}, 
¥e = {te:te ¥}. 

Since Pq{te,e) = t/3q(e,e), it follows that M^nFe = and that dimH^ < dimV. 
Take an arbitrary x € V and form 

(3g{x,e)_^ 



Then we have x Q W because 



9(e) 



Pqix,e) 



Pq{x, e) = I3q{x, e) -p—Pqie, e) = 0. 

This shows the orthogonal decomposition V = W ®¥e with respect to q. 

We now use induction over the dimension of V . For dim V = \ the theorem 
is trivial, so let us assume that the theorem is proved for all vector spaces of 
strictly lower dimension than dim V = n. But then there exists an orthogonal 
basis {ei, . . . , e„_i} of (W, q\w)- Hence, {ei, . . . , e„_i, e} is an orthogonal basis 
oi{V,q). □ 

Because this rather fundamental theorem is not valid for fields of characteristic 
two (such as Z2), we will always assume that charF ^ 2 when talking about 
geometric algebra. General fields and rings will be treated by the general Clifford 
algebra CI, which is introduced in the next subsection. 



8 



Proposition 2.3. //F = R and q{e) > (or q{e) <0) for all elements e of an 
orthogonal basis E, then q{v) = implies v = 0. 

Proof. This is obvious when expanding v in the basis E. □ 

Theorem 2.4 (Sylvester's Law of Inertia). Assume that F = M. If E and F 
are two orthogonal bases of V and we set 

E+ := {eeE: q{e) > 0}, 
E- := {eeE: q{e) < 0}, 
E° := {eeE: q{e) = 0}, 

and similarly for then 

\E+\ = \F+\, 
\E-\ = \F-\, 
Spani;0 = SpanFO. 

Proof. Let = {x &V : (3q{x,y) = Vy G V}. It is obvious that Span£;° C 
y-"- because E is an orthogonal basis. In order to show that V-^ C SpanE'^, we 
take an arbitrary x € V-^ and write 

x = x°+x++x-, a;"'+ - e SpanS°'+'-. 

Now, = /3g(x,a;+) = /3g(x+,a;+) a;+ = 0, and = Pq{x,x~) = (3q{x^ ,x^) 
=> x~ = 0, so that X = which shows that V-^ = SpanE°. Analogously, we 
find that V-^ = Spani^o. 

In order to prove that \E+\ = \F+\, we assume that \E+\ < \F+\. But 
then we must have \E~ \ > \F~ \ in which case E'" U F+ U E~ has to be Hnearly 
dependent. Thus, there exist x° G SpanE°, G SpanF+, x~ G SpanE", not 
all zero, such that x° + y~^ + x~ = 0. This implies 

l3g{x''+x-,x° + x-)=l3q{-y+,-y+) 

pq{x-,x-)=/3g{y+,y+) ^ a;" = t/+ = x° = 

This contradiction shows that \E~^\ > \F~^\. Analogously, we find \E~^\ < \F~^\, 
which proves the theorem. □ 

This means that there is a unique signature {s,t,u) := {\E~^\, \E~\, \E°\) asso- 
ciated to {V,q). For the complex (and in general non-real) case we have the 
following simpler version: 

Theorem 2.5. If E and F are orthogonal bases ofV with F = C and 

EX ■.= {eeE: q{e) 0}, 
E° := {eeE: q{e) = 0}, 

and similarly for F^'^, then 

Span EX =SpanEx, 
SpanEO = SpanEO. 

Furthermore, if E^ — (i.e. q is nondegenerate) then there exists an orthonor- 
mal basis E with q{e) = 1 V e G E. 
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From the above follows that we can talk about the signature of a quadratic form 
or a metric tensor without ambiguity. We use the short-hand notation R"^*'" 
to denote the {s -\- 1 + u)-dimensional real vector space with a quadratic form 
of signature {s,t,u), while C" is understood to be the complex n-dimensional 
space with a nondegenerate quadratic form. When u = OoTt = u = we may 
simply write or M". A space of type R"'" is called euclidean and R'^'" anti- 
euclidean, while the spaces R^'" (R"'^) are called {anti-)lorentzian. Note that, 
within real and complex spaces we can always find bases that are orthonormal. 

Remark. The general condition for orthonormal bases to exist is that the field F 
is a so called spin field. This means that every a € F can be written as a = 
or — for some /3 G F. The fields R, C and Zp for p a prime with p = 3 
(mod 4), are spin, but e.g. Q is not. 

Consider now the geometric algebra Q over a real or complex space V. If we 
pick an orthonormal basis E = {ei, . . . , e„} of V then it follows from Definition 
12.21 and Equation (|2.2p that Q is the free associative algebra generated by E 
modulo the relations 

Ci = q{ei) G {-1, 0, 1} and Ciej = -e^ei, i ^ j. (2.4) 

Example 2.3. Consider the case V = M^, i.e. the euclidean plane. The cor- 
responding geometric algebra Q{M.'^), also called the plane algebra, is generated 
by an orthonormal basis {61,62}, with e\ = e\ = \ and 6162 = —6261. Starting 
with the unit 1 and multiplying from the left or right with ei and 62 we see that 
the process stops at 6162 and it follows that ^7(R^) is spanned by four elements: 

1, 61, 62, 6162. 

Similarly, (as seen already in the introduction) the space algebra Q{M?) is span- 
ned by eight elements, 

1, 61, 62, 63, 6162, 6263, 6163, 616263, 

generated by an orthonormal basis {61,62,63} of vectors which are mutually 
anticommuting and squaring to 1. 

In the same manner we conclude that a general geometric algebra Q{V) is 
spanned by 2" elements of the form 

{-Eiiia-.-ifc} fc=i,.^.,n , with i?iii2...ifc := 6^16^2 ... 6i^ , (2.5) 

and it will follow from the construction of CI in the next subsection that there 
cannot be any linear relations among these elements, so that (|2.5p is actually a 
basis of Q. 

Remark. In the case that q ~ Q, the resulting algebra of anticommuting, nilpo- 
tent elements is called a Grassmann algebra. When associated to a vector space 
V it is also commonly referred to as the exterior algebra of V and is often de- 
noted /\*V and the multiphcation by A. Note that Q{V) = N*V holds as an 
F-algebra isomorphism only when q = Q, but remains as an isomorphism of 
(graded) vector spaces also for non-trivial quadratic forms. 
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One element in Q deserves special attention, namely the so-called pseu- 
doscalar (sometimes called the (oriented) volume element) formed by the prod- 
uct of all elements of an orthonormal basis, 

/ := 6162 . . . e„. (2.6) 

Note that this definition is basis independent up to orientation when q is non- 
degenerate. Indeed, let {Rei, . . . , i?e„} be another orthonormal basis with the 
same orientation, where R £ SO(V, q), the group of linear orientation-preserving 
transformations which leave q invariani0. Then, due to the anticommutativity 
of the ef.s, and orthogonality of the rows and columns of the matrix of R, 

ReiRe2 ■ ■ ■ Ren — ^jii^i22 ■ • ■ Rj^n ^ji^n ■ ■ ■ 

Jl,--- 

= X! ■Rl7r(l)-R27r(2) ■ • • -R«7r(«) 6162 . . . e„ 

= det R 6162 . ■ .en — I, 

where Sn denotes the symmetric group of order n, i.e. all permutations of n 
elements. Note that, by selecting a certain pseudoscalar for Q we also impose 
a certain orientation on V. There is no such thing as an absolute orientation; 
instead all statements concerning orientation will be made relative to the chosen 
one. 

The square of the pseudoscalar is given by (and gives information about) 
the signature and dimension of {V,q). For ^(R'''*'") we have that 

/2 = (-l)3"("-i)+*,5„ 0, where n = s + t + M. (2.7) 

We say that Q is degenerate if the quadratic form is degenerate, or equivalently 
if = 0. For odd n, / commutes with all elements in Q, while for even n, / 
anticommutes with all vectors v £V. 

Example 2.4. The pseudoscalar in t/(M^) is / = eie2. Here, P ~ —1, so that 
the subalgebra spanned by {!,/} is isomorphic to C. Also, any vector t> G 
can be written 

V = aei + be2 = ei{a + bl) = Ivleie"^^ , 
for some a,b,ip £ M, which is similar to the polar form of a complex number. 

Example 2.5. In tJ(M'^) the pseudoscalar is given by / = 616263. Again, P = 
— 1 and {1, forms a subalgebra isomorphic to the complex numbers. However, 
there are infinitely many other such subalgebras embedded in Q since for every 
choice of e = aei + j3e2 + 763 on the unit sphere -I- -|- 7^ = 1, the element 

e/ = Q;e2e3 -I- /3e36i -I- 76162 (2.8) 

also satisfies (e/)-^ = elel = e^P = — 1. 

Example 2.6. Let us also consider an example with non-euclidean signature. 
The simplest case is the anti-euclidean line, i.e. MP'^ . A unit basis element (also 
pseudoscalar) i £ M"'^ satisfies = —1, and 

e(IRO^i) = SpanR{l,i} = C. 

^Such transformations will be introduced and discussed in Section |6] 
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Example 2.7. An even more interesting case is the anti-euclidean plane, M°'^. 
Let denote an orthonormal basis, i.e. = = —1 and ij = —ji. 

Denoting the pseudoscalar by k, we have k — ij and 

= = k^ — ijk = — 1, 

which are the defining relations of the quaternion algebra H. It follows that 
Q{MP''^) and H are isomorphic as M-algebras. 

Exercise 2.1. Prove the Jordan- von Neumann theorem (see Example 12. 2|) . 
Hint: First prove additivity and linearity over —1, then linearity over Z, Q, and 
finally R. 

Exercise 2.2. Prove Theorem 12.51 

Exercise 2.3. Show that Zp is a spin field when p is a prime such that p = 3 
(mod 4). 

Exercise 2.4. Verify formula (|2.7p for the square of the pseudoscalar. 
Exercise 2.5. Find an M-algebra isomorphism 

^(R^) ^ M^''^ = {2 X 2 matrices with entries in R}. 

Hint: Find simple 2x2 matrices 71,72 satisfying 7i = 7! = l2x2- 

Exercise 2.6. The center Z{A) of an algebra A consists of those elements 
which commute with all of A. Show that, for odd dimensional V, the center of 
G{V) is Z{Q) = Spanj.{l,/}, while for even dimensions, the center consists of 
the scalars F only. 

Exercise 2.7. Assume (as usual) that dimF < 00 and let | ■ | be any norm on 
GiV). Prove that :— J2kLo TT converges and that e^e~^ = e~^e^ = 1 for all 

xeg. 

2.2 Combinatorial Clifford algebra Cl{X, R, r) 

We now take a temporary step away from the comfort of fields and vector spaces 
and instead consider the purely algebraic features of geometric algebra that were 
uncovered in the previous subsection. 
Note that we could roughly write 

g{V) = Spanp {EA}AC{i,2,...,n} (2.9) 

for an 71-dimensional space V over F, and that the geometric product of these 
basis elements behaves as 

EaEb = t{A, B) Eaab, where t{A, B) = 1, -1, or 0, (2.10) 

and AlSB := {AU B)\{Ar\ B) is the symmetric difference between the sets A 
and B. Motivated by this we consider the following generalization. 
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Definition 2.4. Let X be a finite set and R a commutative ring witli miit. Let 
r : X R he an arbitrary function which is to be thought of as a signature on 
X. The Clifford algebra over (X, R, r) is defined as the sei0 



Cl{X,R,r) := i?, 

V{X) 

i.e. the free i?-module generated by J'(^), the set of all subsets of X. We may 
use the shorter notation Cl{X), or just C/, when the current choice of X , R and 
r is clear from the context. Furthermore, we call R the scalars of CI. 

Example 2.8. A typical element oi Cl{{x,y, z},Z,r), i.e. the Clifford algebra 
over a set of three elements with integer scalars, could for example look like 

50 + 3{x} + 2{y} ~ {x, y\ + \2{x, y, z]. (2.11) 

We have not yet defined a product on CI. In addition to being i?-bilinear 
and associative, we would like the product to satisfy {x}^ — r{x)0 for x ^ X, 
{x}{y} = -{y}{x} for X 7^ y e X and 0A = A0 = A for all subsets A e J'(X). 
In order to arrive at such a product we make use of the following 

Lemma 2.6. There exists a map r: y{X) x J'(X) R such that 

i) t{{x}, {x}) — r{x) V a; G X, 

a) T{{x},{y}) = -T{{y},{x}) M x,y ^ X : X ^ y, 

Hi) t{0,A) = t{A,0) = 1 VAeViX), 

iv) t{A,B)t{AAB,C) ^t{A,BAC)t{B,C) V A, B, C e a'(X), 
v) t(A,S) e {-1,1} if Ar\B = 0. 

Proof. We proceed by induction on the cardinality \X\ of X. For X ^ the 
lemma is trivial, so let z e X and assume the lemma holds for Y :~ 
Hence, there is a r': f{Y) x ViY) — > R which has the properties («)-(«) above. 
If A C F we write A' ^ A\J {z} and, for A, B in y{Y) we extend r' to r : 
V{X) X V{X) R in the following way: 

t{A,B) t'{A,B) 

t{A\B) := (-l)|sir'(yl,B) 

t{A,B') := t'{A,B) 

t{A',B') := r{z){-l)\^W'{A,B) 

Now it is straightforward to verify that {i)-{v) holds for r, which completes the 
proof. □ 

Definition 2.5. Define the Clifford product 

Cl{X) X Cl{X) Cl{X) 
{A,B) ^ AB 

by taking AB := t{A, B)AAB for A, B e J'(^) and extending linearly. We 
choose to use the r which is constructed as in the proof of Lemma 12.61 by 
consecutively adding elements from the set X. A unique such t may only be 
selected after imposing a certain order (orientation) on the set X . 

^ Again, see Appendix lA.il if the notation is unfamiliar. 
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Using Lemma I^TBl one easily verifies that this product has all the properties 
that we asked for above. For example, in order to verify associativity we note 
that 

AiBC) = A{t{B, C)BAC) = t{A, BAC)t{B, C)AA{BAC), (2.12) 

while 

{AB)C ^ t{A, B){AAB)C = t(A, B)t{AAB, C){AAB)AC. (2.13) 

Associativity now follows from [iv) and the associativity of the symmetric dif- 
ference. As is expected from the analogy with we also have the property that 
different basis elements of CI commute up to a sign. 

Proposition 2.7. If A, B e 7{X) then 

= (_l)^l'4|(l^|-l) + + i|AAS|(|AAS|-l)^^^ 

Proof. By the property {v) in Lemma 12.61 it is sufficient to prove this for A = 
{ai} {02} ■ ■ ■ {ok} , B — {6i}{62} . . . {6;}, where are disjoint elements in X 
and likewise for 6j. HA and B have m elements in common then 

AB = (— 1)('''^™)' + — {—1)'^^^™BA 

by property (iz). But then we are done, since 

i( - fc(fc - 1) - /(/ - 1) + (fc + / - 2m)(fc + 1-2111-1)) =kl + m (mod 2). 

□ 

We are now ready to make the formal connection between Q and CI. Let 
(y, q) be a finite-dimensional vector space over F with a quadratic form. Pick 
an orthogonal basis E = {ei, . . . ,e,i} of y and consider the Clifford algebra 
Cl{E,¥,q\E). Define f : V CI hy f{ei) := {ej for i = 1, . . . ,n and extend 
linearly. We then have 

fi^y = /(Ei v^ei)f{J2j VjCj) = Y.i,j ViVjf{ei)f{ej) 

= vh\Eie^)0 = vfqie,)0 = qij^^ v^e,)0 = q{v)0. 

By Proposition l2.H / extends uniquely to a homomorphism F : Q CI which is 
easily seen to be surjective from the property (u). Moreover, since V is vector 
space isomorphic to the linear span of the singleton sets {e^}, and because CI 
solves the same universal problem (Proposition 12. l]l as Q{V,q)^ we arrive at an 
F-algebra isomorphism 

g{V,q)^Cl{E,¥,q\E). (2.14) 

We make this equivalence between Q and CI even more transparent by suppress- 
ing the unit in expressions and writing simply e instead of {e} for singletons 
e £ E. For example, with an orthonormal basis {61,62,63} in M'^, both Q and 
CI are then spanned by 

{1, 61,62,63, 6162,6163,6263, 616263}. (2-15) 

There is a natural grade structure on CI given by the cardinality of the 
subsets of X . Consider the following 



14 



Definition 2.6. The subspace of k-vectors in CI, or the grade-k part of CI, is 
defined by 

Cl''{X,R,r) := R. 

Ae^iX) : \A\=k 

Of special importance are the even and odd suhspaces, 

Cl^{X,R,r) := Cl^{X,R,r). 

This notation carries over to the corresponding subspaces of Q and we write 

etc. where for example = W and C/^ ~ V. The elements of 
are also called bivectors, while arbitrary elements of Q are conventionally called 
multivectors. 

We then have a split of CI into graded subspaces as 

Cl(X) = ci+®ci- 

, , (2.16) 

Note that, under the Clifford product, Cl^ ■ Cl^ C Cl+ and Cl^ ■ CP C Cr (by 
the properties of the symmetric difference). Hence, the even-grade elements Cl^ 
form a subalgebra of CI. 

Remark. Strictly speaking, although the algebra CI is Z2-graded in this way, it 
is not Z-graded but filtered in the sense that 

0cr ) . (0CP I c cr. 

i<k J \j<l I m<k+l 

In Cl{X, R,r) we have the possibility of defining a unique pseudoscalar in- 
dependently of the signature r, namely the set X itself. Note, however, that it 
can only be normalized if X^ = t{X, X) G i? is invertible, which requires that r 
is nondegenerate (i.e. that its values in R are invertible). We will almost always 
talk about pseudoscalars in the setting of nondegenerate vector spaces, so this 
will not be a problem. 

Example 2.9. The space algebra 

g{M.^) (BG^ og^ oG"^ 

can be decomposed into scalars, vectors, bivectors and trivectors (multiples of 
the pseudoscalar) . Using the observation ()2.8p for the relation between a vector 
and a bivector in the space algebra, we write an arbitrary multivector x G ^(R'^) 
as 

X — a + a + bl + (31, 

with a,/3 e R, a, 6 G M'^. The subalgebra t/+(Ili^) of scalars and bivectors is 
actually isomorphic to the quaternion algebra, as is easily verified by taking e.g. 

i := -eil,j := -62!, k := -63/. 

Exercise 2.8. Prove that the symmetric difference A is associative (for arbi- 
trary sets - finite or infinite). 
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Exercise 2.9. Verify that conditions {i)-{v) hold for r constructed in the proof 
of Lemma [ 



Exercise 2.10. Let Q = ^(R^), Co = Q^^G^, and Ci = G^^G^. The complex 
numbers are as usual denoted by C. Find (natural) maps 



Co^C 



such that a is an algebra isomorphism, /3 is a bijection, and such that the 
diagram below commutes 

Co X Ci ^ Ci 
al IP i/3 
C X ^ 

where 6 is the usual scalar multiplication on C^, i.e. 

S{Z, {Zl, Z2, Z3)) = {ZZI,ZZ2, ZZ3). 

Remark. Hence, we can think of C"^ (as complex vector space) as Ci interpreted 
as a vector space over the field Co- 

Exercise 2.11. Verify that there is an R- algebra isomorphism (p : ^(R*) 
H2><2 such that 



-i 

1 



, </'(e2) 



-j 

3 



(^(es) 



-fe 

k 



, 1/7(64) 



1 

-1 



2.3 Standard operations 

A key feature of Clifford algebras is that they contain a surprisingly large amount 
of structure. In order to conveniently access the power of this structure we need 
to introduce powerful notation. Most of the following definitions will be made 
on CI for simplicity, but because of the equivalence between G and CI they carry 
over to in a straightforward manner. The amount of new notation might seem 
heavy, and we therefore recommend the reader not to get stuck trying to learn 
everything at once, but to come back to this subsection later as a reference when 
the notation is needed. 

We will find it convenient to introduce the notation that for any proposition 
P, (P) will denote the number 1 if P is true and if P is false. 

Definition 2.7. For A, B e y{X) wc define 



aab 


:= (ACiB = 0)AB 


outer product 


A^ B 


:= {A C B)AB 


left inner product 


A J B 


{A D B)AB 


right inner product 


A*B 


{A^B)AB 


scalar product 


{A)k 


:= i\A\ =k)A 


projection on grade k 


A* 


:= (-1)1-41 A 


grade involution 


At 


:= i-l)r)A 


reversion 



and extend linearly to Cl{X, R, r). 
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The grade involution is also called the (first) main involution. It has the prop- 
erty 

(xy)* = x*y*, V* = -V (2.17) 

for all x,y G Cl{X) and w G CZ^(X), as is easily verified by expanding in linear 
combinations of elements in and using that |AAi3| = \A\ + \B\ (mod 2). 

The reversion earns its name from the property 

(xy)^ = y''x\ v"^ = V, (2.18) 

and it is sometimes called the second main involution or the principal antiauto- 
morphism. This reversing behaviour follows directly from Proposition 12 . 71 We 
will find it convenient to have a name for the composition of these two involu- 
tions. Hence, we define the Clifford conjugate x° of a; G Cl{X) by a;° := a;*''' 
and observe the property 

(a;?;)° =y°a;°, v° = -v. (2.19) 

Note that all the above involutions act by changing sign on some of the graded 
subspaces. We summarize the action of these involutions in Table \2A\ Note the 
periodicity. 





CP 


CP 


CP CP CP CP CP CP 


t 


+ 
+ 


+ 


+ - + - + - 
-- + + -- 


□ 


+ 




- + + -- + 



Table 2.1: The action of involutions on graded subspaces of CI. 

Example 2.10. If a; e ^(K^) and x* — —x, then x has to be a vector since 
those are the only odd elements in this case. Similarly, we see that if x is a 
multivector in ^(R'^) then the expression x'^x cannot contain any bivector or 
trivector parts since the expression is self-reversing, i.e. {x'''x)'^ = a:^a;^^ = x^x. 

Example 2.11. In the case C/(R'''^) = C we see that the grade involution (or 
Clifford conjugate) corresponds to the complex conjugate, while in the quater- 
nion algebra Q{MP''^) = H (see Example 12. 7|) . the Clifford conjugate corresponds 
to the quaternion conjugate since it changes sign on all non-scalar (i.e. imagi- 
nary) grades, 

{a + f3i + jj + 6k)° — a — Pi — jj — 5k. 

The scalar product has the symmetric property x*y — y*x for all a;, y e C/. 
Therefore, it forms a symmetric bilinear map CI x CI ^ R which is seen to 
be degenerate if and only if CI (i.e. the signature r) is degenerate. Note that 
this map coincides with the bilinear form I3q when restricted to = Q^{y,q), 
and that subspaces of different grade are orthogonal with respect to the scalar 
product. 

The following identities relating the inner, outer, and scalar productf|f| will 
turn out to be extremely useful: 

^Another product that is often seen in the context of geometric algebra is the inner product, 
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Proposition 2.8. For all x,y,z £ Cl{X) we have 

X A{y A z) = {x Ay) A z, 
X I- {y -I z) = {x I- y) -I z, 
a; L (y L z) = (x Ay) \- z, 
X * {y \- z) = {x Ay) * z, 

and 

lAa; = xAl==lLa; = a;jl = a:;. 

Proof. This follows directly from Definition 1 2. 71 and basic set logic. For example, 
taking A,B,C G '^{X) we have (consider drawing a Venn diagram) 

A L L C) = (B C C)iA C BAC)ABC 

= (B C C and A C C\B)ABC 
= (A n S = and A U B C C)ABC 
= {AnB = 0)iAAB C C)ABC 
= (A A S) L C. 

The other identities are proven in an equally simple way. □ 

Note that the first identity in the above proposition states that the wedge prod- 
uct A is associative. It is not difficult to see that the algebra {G, A) with this 
product is isomorphic (as graded algebras) to the exterior algebra A*^. 

In order to be able to work efficiently with Clifford algebras it is crucial to 
understand how vectors behave under these operations. 

Proposition 2.9. For all x,y E Cl{X) and v G Cl^{X) we have 

vx = V <- x + V A X, 

V I- X = ^{vx — x*v) = ~X* J V, 

V A X = ■^{vx + x*v) — X* Av, 
V L (xy) = (u L x)y + x*(v l y). 

The first three identities are shown simply by using linearity and set relations, 
while the fourth follows immediately from the second. 

Example 2.12. For 1-vectors u, w G Cl^ we have the basic relations 

uv = {uv)q + {uv)2 — u*v + uAv, (2.20) 

ui-v = vi-u — u-iv~u*v^ 2 ^ (^-^l) 
and ^ 

u Av = —V Au = 2^''^^ ~ (2.22) 



defined by 

A ' B := {A C B or A D B) AB = A L B + A -I B - A * B. 
We will stick to the left and right inner products, however, because they admit a simpler 
handling of grades. For example, the corresponding identities in Proposition 12.81 would need 
to be supplied with grade restrictions. Also beware that the meaning of the symbols l and 
J is sometimes reversed in the literature. 
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while for bivectors B G CP and v G Cl^ we have 

vB = {vB)i + {vB)3=v L B + v /\B, (2.23) 

V ^ B ^^{vB - Bv) = ~B J V, (2.24) 

vAB^^{vB + Bv)=BAv, (2.25) 

and wji3 = i3Lt; = ti*i3 = 0. In the special case that B = it A w is an outer 
product of two vectors u, w (i.e. a 2-blade), we find from taking the vector part 
of the the last identity in Proposition (|2.9p the useful expansion 

V ^ (u Aw) = {v * u)'w — {v * w)u. (2.26) 

This expansion is generalized in Exercise 12. 181 

It is sometimes useful to expand the various products and involutions in 
terms of the grades involved. The following identities are left as exercises. 

Proposition 2.10. For all G Cl{X) we have 



X Ay 




^) n{y) m / 


n+m ' 


X 1- y 


~ X]o<n<m ( 


{x)n{y)m 


^ n 




~ ^n>m>0 i 


{x)n{y)m 


^ n — m 


X • y 


~ Sri,m>0 ( 


X)n{y)m/ 


|n— m| 


X * y 


= {xy)o, 






X* 

















In the general setting of a Clifford algebra with scalars in a ring R, we need to 
be careful about the notion of linear (in-)dependence. A subset {xi, X2, ■ ■ ■ ^ x,n\ 
of CI is called linearly dependent if there exist ri, . . . , G i?, not all zero, such 
that 

rixi + r2X2 + . . . + r„iXr,t = 0. (2.27) 

Note that a single nonzero 1-vector could be linearly dependent in this context 
(e.g. with R = Z4, xi = 2ei and ri = 2). We will prove an important theorem 
concerning linear dependence where we use the following 

Lemma 2.11. If ui,U2, ■ ■ ■ ,Uk and vi,V2, ■■■ ,Vk are 1 -vectors then 



(ui A M2 A • • • A Uk) * (ufe A Vk-i A ■ ■ ■ A vi) — det 



Ui *Vi ■ ■ ■ Ui * Vk 



Proof. Since both sides of the expression are multilinear and alternating in both 
the Ui'.s and the Viis, we need only consider ordered disjoint elements {e^} in 
the basis of singleton sets in X. Both sides are zero, except in the case 

(cii . . . Bif. ) * (e^j, eij._ J . . . Ci-^ ) = 

= r(eji )r (e^^ ) • ■ • r{e^, ) = det [r(e, JJp^,] i<p_^<fc 

= det K *e,J^^p ,^^^, 

so we are done. □ 
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Theorem 2.12. The 1-vectors {xi, X2, • ■ • , Xm} o,re linearly independent if and 
only if the m-vector {xi A a;2 A • • • A Xm\ is linearly independent. 

- i^rnXm = 0, where, say, r\ ^ 0. Then 

= {r\X\) l\X2 h - ■ ■ l\Xyn 

+ rriiXm) A a;2 A • • • A a:„i = 0, 



*Proof. Assume that rixi + . . 

ri{xi A ■ ■ ■ A 
= {rixi + 



since Xi Axi = 0. 

Conversely, assume that rX 



for r 7^ in R and X ^ xi A 



A x„ 



We 



wiU use the basis minor theorem for arbitrary rings which can be found in the 
appendix (see Appendix IA.4|) . Assume that Xj = xijei + . . . + XnjEn, where 
Xij € R and ei G X are basis elements such that ef = 1. This assumption 
on the signature is no loss in generality, since this theorem only concerns the 
exterior algebra associated to the outer product. It will only serve to simplify 
our reasoning below. Collect the coordinates in a matrix 



rxii 
rx2i 



Xl2 
X22 



e i?" 



and note that we can expand rX in a grade-m basis as 

rX^ V {rX*E^)E^ ^ (det^£;,|i, 



E 

ECX:\E\-. 



^})E, 



ECX:\E\-. 



where we used Lemma 12.111 We find that the determinant of each m x m minor 
of A is zero. 

Now, let k be the rank of A. Then we must have k < m, and if A; = 
then rxii — and Xij — for all i = 1, . . . , ti, j > 1. But that would mean 
that {a;i, . . . , Xm} are linearly dependent. Therefore we assume that A; > and, 
without loss of generality, that 



rxii xi2 ■■■ 
d := det : : 

rxki Xk2 ■ ■■ 
By Theorem IA.5I (Basis minor) there exist ri , . 

rirxi + r2X2 + . . . + VkXk 
Hence, {xi, . . . , Xm} are linearly dependent. 



Xlk 

: ^0. 

Xkk 

. , r/c e i? such that 
I- dxm — 0. 



□ 



For our final set of operations, we will consider a nondegenerate geometric 
algebra G with pseudoscalar /. The nondegeneracy implies that there exists a 
natural duality between the inner and outer products. 

Definition 2.8. We define the dual oi x G Q by x'^ := xl^^. Furthermore, the 
dual outer product or meet, denoted V, is defined such that the diagram 

g X g ^ g 

{■r I I i i-r 

g X g ^ g 



commutes, i.e. (x V y)"^ :— x° A y"^, implying xVy— {{xl ^) A {yl 
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Remark. In Cl{X), the corresponding dual of A G 5'(^) is 

A"" ^ AX-^ ^ t{X,X)-^t{A,X)AAX oc A", 

the complement of the set A. Hence, we actually find that the dual is a linearized 
version of a sign (or orientation) -respecting complement. This motivates our 
choice of notation. 

Proposition 2.13. For all x,y E Q we have 

X Ay — (x L y)^j 
and ifxe then x" G gdimV-fc 

Proof. Using Proposition [2T8] and the fact that xl = x ^ I \/x, we obtain 

X L (y/-l) = X L (y L /-I) = (x A y) L /-I = {xA y)r\ 

and from this follows also the second identity 

{x A y")!-^! = {x L y'"')I = (x L 

Lastly, the grade statement is obvious from the above definition and remark. □ 

Example 2.13. The cross product in can be defined as the dual of the outer 
product, 

a X b:= (aAb)'=, (2.29) 

for a,b E M.^. From Proposition 12.131 and e.g. (|2.26p we easily obtain the 
familiar relations 

a X {b X c) — [a A {b A c)'^y = (a l (6 A cjY^ — —{a * b)c + (a * c)b, 

and 

a* {b X c) ~ a I- [b A cY = {a Ab A c) * l\ 

which by Lemma 12.111 and a choice of basis becomes the usual determinant 
expression. 

Remark. It is instructive to compare the exterior algebra {Q, A) together with 
this duality operation to the language of differential forms and the Hodge * 
duality operation, which are completely equivalent (through the isomorphism 
(t/, A) = A*V). In that setting one often starts with the outer product and then 
uses a given metric tensor to define a dual. The inner product is then defined 
from the outer product and dual according to (|2.28p . The exact definition of 
the dual varies, but a common choice in the literature for differential forms is 
*x := {I~^x)\ so that * * x = Ixl^ (cp. e.g. PTl). 

Exercise 2.12. Show that \AAB\ = \A\ + \B\ (mod 2) and verify Eqs. (PT7|) - 
(|2.19p from the definitions of these involutions. 

Exercise 2.13. Prove the remaining identities in Proposition [2 

Exercise 2.14. Prove Proposition 



21 



Exercise 2.15. Prove Proposition l2.10l 

Exercise 2.16. Show that the algebra {Q, V) with the meet product is associa- 
tive with unit /. (The combined algebra {G, A, V) is sometimes called the double 
Cayley algebra.) 

Exercise 2.17. Show that the cross product as defined in (|2.29p gives rise to 
the familiar cartesian coordinate expression (and has the correct orientation) 
when expanding in an orthonormal basis. 

Exercise 2.18. For v ^ Cl^ define the map 

dy-.Cl^ CI, 

X 1-^ dv{x) — V I- X. 

Verify that dy o dy = and that 

dv{xy) = dy{x)y + x*dy{y) 

as well as 

dy{x Ay) ^ dy{x) Ay + x*A dy{y) 

for all x,y Cz CI (such dy is called an anti- derivation). Furthermore, note that 
this leads to the following useful formula: 

m 

w L (ai A 02 A • • • A am) = ^(-l)''^"^(i' * ak)ai A ■ ■ ■ A dk A ■ ■ ■ A a„i, (2.30) 

k=l 

(where " denotes deletion) for any w, ai, . . . , am € Cl^. A generalized expansion 
for higher grades can be found in Appendix I A.2I 

Exercise 2.19. Let e and B e t/^(M^). In each of the following cases, 
find w G ^/(M'^) that satisfies 

a,)wA'w = l + v + B 

h) w A{l + v + B) = 1 

Exercise 2.20. Show that CP is closed under the commutator bracket, i.e. 
[A, B] := AB-BAe CP for aU A,B C CP . 

Exercise 2.21. Show that Xp Axr = {—l)P^Xr A Xp for all Xk G Cl''. 
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3 Vector space geometry 



We will now leave the general setting of combinatorial ClifFord algebra for a 
moment and instead focus on the geometric properties of Q and its newly defined 
operations in the context of vector spaces and linear transformations. 

3.1 Blades and subspaces 

The concept of blades is central for understanding the geometry encoded in a 
geometric algebra G{V). 

Definition 3.1. A blade, or simple multivector, is an outer product of 1-vectors. 
We define the following: 

Bk ■= {vi A V2 A ■ ■ ■ A Vk € G '■ Vi £ V} the set of k-blades 
B -.= 1) 

k=o the set of all blades 

B* := B\{0} the nonzero blades 

B"" := {B e B : B'^ ^ 0} the invertible blades 

The orthogonal basis blades associated to an orthogonal basis E = {e^}^™^ 
consist of the basis of Q generated by E, i.e. 

Be ■= {e^i A A • • • A e G : ii < i2 < ■ ■ ■ < U-} 

(corresponding to CP(i?) in CI). We also include the unit 1 among the blades 
and call it the Q -blade. 

Note that Bk C and that (e.g. by expanding in an orthogonal basis; see 
Exercise 13. 1|) we can expand a blade as a sum of geometric products, 

ai A 02 A • • • A flfe = ^ sign(7r) a^(i)a„(2) . ..a^(k)- (3.1) 

This expression is clearly similar to a determinant, except that this is a product 
of vectors instead of scalars. 

The key property of blades is that they represent linear subspaces of V . This 
is made precise by the following 

Proposition 3.1. If A = ai A a2 A ■ ■ ■ A ak ^ Q is a nonzero k-blade and a E V 
then 

aAA = 4^ a e Spanjai, 02, . . . , Ofe}. 

Proof. This follows directly from Theorem 12.121 since {ai, .. .,ak} are linearly 
independent, and a A A = if and only if {a, ai, . . . , Uk} are linearly dependent. 

□ 

Hence, to every nonzero fc-blade A = ai A 02 A ■ ■ ■ A Ok there corresponds a 
unique fc-dimensional subspace 

A -.^ {a eV : a A A = 0} = Spanjai, 02, ... , Ok}. (3.2) 
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Conversely, if A C y is a /c-dimensional subspace of V, then we can find a 
nonzero /c-blade A representing A by simply taking a basis {a^j^Lj^ of A and 
forming 

A := ai A 02 A • • • A afc. (3.3) 

We thus have the geometric interpretation of blades as subspaces with an as- 
sociated orientation (sign) and magnitude. Since every element in 5 is a lin- 
ear combination of orthogonal basis blades, we can think of every element as 
representing a linear combination of orthogonal subspaces. In the case of a 
nondegenerate algebra these basis subspaces are nondegenerate as well. On the 
other hand, any blade which represents a nondegenerate subspace can also be 
treated as a basis blade associated to an orthogonal basis. This will follow in 
the discussion below. 

Proposition 3.2. Every k-blade can be written as a geometric product of k 
vectors. 

Proof. Take a nonzero A = ai A ■ ■ ■ /\ak E B* . Pick an orthogonal basis {ei\^^i 
of the subspace (^,(7!^). Then we can write a; = J2j l^ij^j ^^r some /3y £ F, 
and A = det ] 6162 . . . by (|3.ip . □ 

There are a number of useful consequences of this result. 
Corollary. For any blade A £ B, A^ is a scalar. 
Proof. Use the expansion of A above to obtain 

A' = (det [A,])' (-l)^^('=-i)g(ei)<z(e2)...g(e,) eF. (3.4) 

□ 

Corollary. If A E B^ then A has an inverse A^^ = -jtA. 

Example 3.1. In R'^, every bivector is also a 2-blade. This follows by duality, 
since if _B is a bivector then B"^ = BI^^ =: & is a vector. Choosing an orthonor- 
mal basis {ei, 62, 63} such that, say, b = Pe^, we have B = bl = (3ei A 62. The 
same situation is not true in R^, however, where we e.g. have a bivector 

S := ei A 62 + 63 A 64 = 6162(1 - /) 

such that B^ — —(1 — /)^ ~ ^2(1 — /), which is not a scalar. (Actually, one 
can show in general (see Exercise I6.10p that i?^ G F is both a necessary and 
sufficient condition for a bivector _B to be a blade.) 

Another useful consequence of Proposition 13.21 is the following 

Corollary. If A E B^ then q is nondegenerate on A and there exists an orthog- 
onal basis E of V such that A G Be- 

Proof. The first statement follows directly from (|3.4p . For the second statement 
note that, since q is nondegenerate on A, we have A n A-^ = 0. Take an 
orthogonal basis {cij^^i of A. For any v E V we have that 

V -^f3q{v,ei)q{eiy^ei G A^ . 

i 

Thus, V ^ A® A^ and we can extend {e^}^!^! to an orthogonal basis of V 
consisting of one part in A and one part in A-^ . By rescaling this basis we have 
A = 61 A ■ • • A Gfc. □ 
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Remark. Note that if we have an orthogonal basis of a subspace of V where q 
is degenerate, then it may not be possible to extend this basis to an orthogonal 
basis for all of V. Another way to state this is that one or more vectors in 
the corresponding product expansion may fail to be invertible. If the space is 
euclidean or anti-euclidean, though, orthogonal bases can always be extended 
(e.g. using the Gram-Schmidt algorithm; see Exercise [ 



Example 3.2. The simplest lorentzian space is R^'^, with an orthonormal basis 
basis conventionally denoted {cq, ei] , = 1, e\ — —1. It has precisely two one- 
dimensional degenerate subspaces IRn± , where 

n± := eg ± ei, n\. = 0, 

but these cannot be orthogonal. In fact, 

* n_ — — e\ — 2, 

but they of course span the space since they are linearly independent, and 
n+ A n_ = 2eieo. In general, the degenerate part of a n-dimensional lorentzian 
space will be a (n — l)-dimensional cone, called the null- or light-cone. 

It is useful to be able to work efficiently also with general bases of V and Q 
which need not be orthogonal. Let {ei, . . . , e„} be any basis of V . Then the set 
set of blades formed out of this basis, {ei}i, is a basis of Q{V), where we use a 
multi-index notation 

i = (ji,«2, ■ • ■ ,«fc), «i < 12 < • . • < ife, 0<fc<n (3.5) 

and 

e() 1, e(ii,i2^...,i^^) := Gil A A • • • A eij^. (3.6) 

Sums over i are understood to be performed over all allowed such indices. If Q 
is nondegenerate then the scalar product [A, B) ^ A*B is also nondegenerate 
and we can find a so-called reciprocal basis {e^, . . . , e"} of V such that 

e^*e,^S]. (3.7) 

The reciprocal basis is easily verified (Exercise 13. 2p to be given by 

= {~iy-\ei A • • ■ A A • • • A e„)e-i (3.8) 

where " denotes a deletion. Furthermore, we have that {e'}i is a reciprocal basis 
of Q, where e^*^' ' '*''-' := e*'' A • • ■ A 6*^ (note the order). This follows since by 
Lemma [CTl and (fX7| . 

e' * ej = {e'" A ■ • ■ A e'^ ) * (e,, A • ■ • A e^, ) = det [e*" * e,,] = S\. (3.9) 

We now have the coordinate expansions 

w = I]j(w * e*)ei = X^jl"^ * e,;)e' V u £ V, 

. . (3.10) 

2^ = Z]i(2; * e')ei = X]i(a; * ei)e' V a; £ t/(F), 

which also gives a geometric understanding of an arbitrary multivector in G{V) 
as a linear combination of general (not necessarily orthogonal) subspaces of V. 
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Example 3.3. In the euclidean case an orthonormal basis {ei}i, satisfying 
ef = 1 for all i, is its own reciprocal basis, i.e. e* = e^. In the lorcntzian 
case M.^'" the standard orthonormal basis {cq, ei, . . . , e„}, with = 1, has as 
reciprocal basis {e°, e^, . . . , e"} where e° = bq and — — e^, j = 1, 2, . . . , n. 
The non-orthogonal basis {n+,7i_} in Example 13.21 has the reciprocal basis 
in+}. 

In addition to being useful in coordinate expansions, the general and recipro- 
cal bases also provide a geometric understanding of the dual operation because 
of the following 

Theorem 3.3. Assume that Q is nondegenerate. If A = ai A ■ ■ ■ A ak G B* and 

we extend {ai}^^^ to a basis {ai}"^j^ of V then 

A'' (X a''+^ A a''+^ A ■ ■ ■ A a"" , 

where {a*}i is the reciprocal basis of {ai}i. 

Proof. We obtain by induction on k that 

(afc A Ok-i A • • • A fli) L (a^ A • ■ • A a'' A a''+^ A • • ■ A a") 

= Ofe L {{ak-i A • • • A ai) L (a^ A • • • A a''^^ A a'' A ■ ■ ■ A a")) 
= {induction assumption} = l (a'^ A • • • A a") 
= a^^+i A---Aa", 

where in the last step we used the expansion formula (|2.30p , plus orthogonality 
(IX7|) . It follows that 

A'^ = oc (afcA---Aai) l (a^ A • • • Aa*^' Aa'^'+i A • • • Aa") = a'^+i A • • • Aa". 

This can also be proved using an expansion of the inner product into sub-blades; 
see Appendix lA. 21 □ 

Corollary. If A and B are blades then A^, AAB, AW B and A \- B are blades 
as well. 

The blade-subspace correspondence then gives us a geometric interpretation of 
these operations. 

Proposition 3.4. If A,B G B* are nonzero blades then A'^ = A^ and 

AAB ^0 ^ AAB ^ A + B and AnB = 0, 
A + B^V ^ Ay B ^ AnB, 
A L B ^ ^ A L B = A^C^B, 
Ac B ^ A I- B = AB, 
AnB-^ ^0 ^ A ^ B ^0. 

The proofs of the statements in the above corollary and proposition are left as 
exercises. Some of them can be found in [31] and [SUj . 

Exercise 3.1. Prove Eqn. p.ip . e.g. by noting that both sides are multilinear 
and alternating. 
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Exercise 3.2. Verify tliat {e*}i defined in (|3.8p is a reciprocal basis w.r.t. {ei}i. 
Exercise 3.3. Prove the corollary to Theorem 13.31 
Exercise 3.4. Prove Proposition 13.41 

Exercise 3.5. Show that the square of an arbitrary blade A — aiA. . .Auk E Bk 
is ~ (— i^^'^C^-i) det[ai * aj]i<ij<k- Also, show in two different ways that 

(a A 6)2 = (a * 6)2 - 0^6^ (3.11) 

for a,b eV. 

Exercise 3.6. Let {e^}"^]^ be an arbitrary basis of a nondegenerate space. Show 
that e^e* = n and that for an arbitrary grade-r multivector Ar £ CF 

^ei(e* L Ar) = rAr, 

i 

^e^{e' AAr) ^ {n~r)Ar, 

i 

and 

e.Arc' = i-lY{n ~ 2r)Ar. 

i 

Exercise 3.7. Let v ^ {u eV : v? Q}. Show that the map 

V3x ^ '^{x + V* xv~^) E V 
is an orthogonal projection on = {u E V : u * v — 0} . 

Exercise 3.8. Consider the real euclidean geometric algebra ^/(M"). Let ai, a2, 
... be a sequence of 1-vectors in Q, and form the blades = 1, Afe = ai A 02 A 
■ • • A ttfe. Now, let 6fe = ^f._-^Ak. Show that 61, 62, . . . are the vectors obtained 
using the Gram-Schmidt orthogonalization procedure from 01,02, .. .. 

3.2 Linear functions 

Since Q is itself a vector space which embeds y , it is natural to consider the prop- 
erties of linear functions on Q. There is a special class of such functions, called 
outermorphisms, which can be said to respect the graded/exterior structure of 
t/ in a natural way. We will see that, just as the geometric algebra Q{V, q) is 
completely determined by the underlying vector space (F, q) , an outermorphism 
is completely determined by its behaviour on V . 

Definition 3.2. A linear map F : Q Q' \s, called an outermorphism or A- 
morphism if 

ii) F{Q"'') C Q'"'- V m > 0, (grade preserving) 
in) F{x Ay) ^ F{x) AF{y) 'ix,yeg. 
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A linear transformation F : Q ^ Q is called a dual outermorphism or V- 
morphism if 

z) F{I) = /, 

a) FiG"") eg™ V m > 0, 
in) F{xy y) ^ F{x)y F{y) \/x,yeQ. 

Theorem 3.5. For every linear map f : V ^ W there exists a unique outer- 
morphism /a : G(V) ~* G{W) such that f/\{v) ~ f{v) \/ v . 

Proof. Take a general basis {ei, . . . , e„} of V and define, for 1 < zi < Z2 < . . . < 

/^(e,, A • • • A e,„) /(e,J A • • • A /(e,„J, (3.12) 

and extend /a to the whole of G{V) by linearity. We also define f/\{a) :— a for 
a G F. Hence, (i) and {ii) are satisfied, (m) is easily verified by expanding in 
the induced basis {ei} of G{V). Uniqueness is obvious since our definition was 
necessary. □ 

Uniqueness immediately implies the following. 

Corollary. // / : V ~> V and g: V ^ V" are linear then [g o /)a = g/\ o f/\- 

Corollary. If F: G{V) G{W) is an outermorphism then F — {F\v)a- 

Remark. In the setting of CI this means that an outermorphism F : Cl{X, R, r) — > 
Cl{X', R, r') is completely determined by its values on the elements of X. Also 
note that, if E, F are two orthonormal bases of V and F — {fj — g{ej)} then 

riE)3AE^AFeV{F) 

so that (7a '■ Cl{E) Cl{F) is an isomorphism of i?-algebras. 

We have seen that a nondegenerate G results in a nondegenerate bilinear 
form X * y. This gives a canonical isomorphism 

6l:g^e*=Lin(g,F) 

between the elements of G and the linear functionals on G as follows. For 
every x & G we define a linear functional 0{x) by 9{x){y) := x * y. Taking a 
general basis {ei}i of G and using (|3.9p we obtain a dual basis {6'(e')}i such that 
6'(e')(ej) = (5j. This shows that 9 is an isomorphism. 

Now that we have a canonical way of moving between G and its dual space 
G* , we can for every linear map F: G G define an adjoint map F* : G G hy 

F*{x) ■.= e-\0{x)oF). (3.13) 

By definition, this has the expected and unique property 

F*{x)*y = x*F{y) (3.14) 

for all x,y € G. Note that if we restrict our attention to V ^ G^ then this 
construction results in the usual adjoint (transpose) /* of a linear map f : V 
V. 
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Theorem 3.6 (Hestenes' Theorem). Assume that Q is nondegenerate and let 
F : Q —t Q be an outermorphism. Then the adjoint F* is also an outermorphism 
and 

X L F{y) = F{F*{x) L y), 
Fix) ^y^F{x^ F*iy)), 

for all x,y E Q. 

Proof. We first prove that F* is an outermorphism. The fact that F* is grade 
preserving follows from (j3.14p and the grade preserving property of F. Now 
take basis blades x = xi A ■ ■ ■ A Xm and y — Um A ■ ■ • Ayi with Xi^yj G V. Then 

F*(a;i A ■ • • A x,n) * y = (xi A ■ ■ ■ A x^) * F{ym A • • ■ A yi) 

= {xiA---AXm)* {F{ym) A • • • A F{yi)) 
= det [x, * F{yj)].^^ = det [F*{xi) * y,].^^ 
= {F*{xi) A • • • A F*{x„,)) *{ymA---Ayi) 
= {F*{xi) A--- AF*{x^)) *y, 

where we have used Lemma 12.111 By linearity and nondegeneracy it follows 
that F* is an outermorphism. The first identity stated in the therorem now 
follows quite easily from Proposition 12.81 For any z £ Q we have 

z * (a; L F{y)) = {z A x) * F{y) ^ F*{z Ax) *y 

= {F*iz) A F*ix)) *y^F*{z)* {F*ix) l y) 

= Z* F{F*{x) l y). 

The nondegeneracy of the scalar product then gives the first identity. The 
second identity is proven similarly, using that {x -i y) z — x * {y A z). □ 

From uniqueness of outermorphisms we also obtain the following 

Corollary. If f:V -^V is a linear transformation then (/*)a = (/a)*- 

This means that we can simply write for the adjoint outermorphism of /. 

Another powerful concept in geometric algebra (or exterior algebra) is the 
generalization of eigenvectors to so called eigenblades. For a function f : V ^ V, 
a fc-eigenblade with eigenvalue A G F is a blade A £ Bk such that 

/a(A) = XA. (3.15) 

Just as eigenvectors can be said to represent invariant 1-dimensional subspaces 
of a function, a fc-blade with nonzero eigenvalue represents an invariant k- 
dimensional subspace. One important example of an eigenblade is the pseu- 
doscalar /, which represents the whole invariant vector space V. Since /a is 
grade preserving, we must have /a(/) = A/ for some A G F which we call the 
determinant of /, i.e. 

/a(/) - (det/)/. (3.16) 

Expanding det / — /a(/) * I^^ in a basis using Lemma [2.111 one finds that 
this agrees with the usual definition of the determinant of a linear function (see 
Exercise 12331). 
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Example 3.4. Since 

(det = UI)*I^I* f*{I) (det /*)/^ 

we immediately find that det / ~ det /*. Also, by the corollary to Theorem 
we have 

(/°5)a(/) =/a(5a(/)) =/A((det5)/) = (det 5) (det/)/, 
so that det(/5) — det / • det 5. 

Definition 3.3. For linear F : Q ^ Q we define the dual map F'^ : Q ^ Q hy 

F'^{x) :— F{xI)I^^, so that the following diagram commutes: 

Q g 

i-r I I i-r 

Proposition 3.7. We have the following properties 0/ the dual map: 

i) F'"= = F, 

a) [FoGY = F" oG", 

Hi) id'^ — id, 

iv) F{g') ^ pc^gdimV-s^ g ^dimy-t^ 

v) F A-morphism F'^ y -morphism, 
vi) {F*Y — (F'^)* if F is grade preserving, 

for all linear F, G : g ^ g . 

The proofs are straightforward and left as exercises to the reader. As a special 
case of Theorem 13.61 we obtain, with y — I and a linear map f:V—>V, 

idetf)xI^f4fXix)l), (3.17) 

so that 

(det/)id = /^o/; = /^o/-. (3.18) 
If det / ^ we then have a simple expression for the inverse; 

/^-i = (dct/)-Vr, (3.19) 

which is essentially the dual of the adjoint (F**^ is sometimes called the adjugate 
^adj py j-i jg obtained by simply restricting to V . 

Example 3.5. An orthogonal transformation / G 0{V,q) satisfies /^^ = /* 
and det / = ±1, so in this case (I3.19P gives ±/a- 

Exercise 3.9. Prove the second identity in Theorem 

Exercise 3.10. Prove Proposition 13. 71 
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Exercise 3.11. Let B E he e. bivector, and define tlie map ads : G ^ G hy 

fidsix) := [B,x] ^ Ex- xB. Sliow tliat adi3(g™) C and that 

adsixy) ^ adBix)y + xadsiy), 
i.e. that ads is a grade preserving derivation. Is ads an outermorphism? 
Exercise 3.12. Let / : ^ be linear and antisymmetric, i.e. 

f(u) ^ V = —u * f{v) Vu, V €z V. 

Show that there is a unique bivector B G G'^{V) such that f{v) = adsiv) Vv £ 
V. 

Exercise 3.13. Let {ai,...,a„} be an arbitrary basis of V and use the re- 
ciprocal basis to verify that det/ = f{I) * is the usual expression for the 
determinant. Use (|3.ip to verify that the definition makes sense also for degen- 
erate spaces. 

3.3 Projections and rejections 

Let A be an invertible blade in a geometric algebra G, and define a linear map 
Pa-G-^G through 

Pa{x) {x L A)A-\ 
Proposition 3.8. Pa is an outermorphism. 

Proof. We need to prove that Pa{x /\y) = Pa{x) t\PA{v) Vx, y E G- We observe 
that both sides are linear in both x and y. Hence, we can assume that x and 
y are basis blades. Also, since A was assumed to be invertible, we can by the 
corollary to Proposition 13.21 without loss of generality, assume that A is also 
among the orthogonal basis blades. We obtain 

Pa{x a y) = {{x Ay) I- A)A^^ = (x Ci y = 0){x U y C A)xyAA~^ 

and 

PA{x)APA{y) = {{x ^ A)A-') A {{y ^ A)A-') 

= {{x C A)xAA-^) A {{y C A)yAA-^) 
= (x <Z A){y C A)x Ay 

{x C A){y C A){xny ^ 0)xy. 

Furthermore, we obviously have -Pa(I) = 1, and (e.g. by again expanding in a 
basis) we also observe that Pa{V) C V, so Pa preserves grades. □ 

We shall now show that Pa is a projection. First, note the following 

Proposition 3.9. Pa o Pa — Pa 

Proof. We would like to prove 

{{{x L A)A~^) ^ A) A-^ ^ {x ^ A)A-^ \fxeG. 
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As both sides are linear in x, we assume that x is a basis blade and obtain 
(x L A)A^^ = (x C A)xAA^^ = (x C A)x 

and 

(((x L A)A-^) L A) = (((x C A)x) L A) A-^ 

= (x C A)(x L = (x C A){x C A)x = (x C A)x. 

□ 

Also note that, for all v E V, we have by Proposition [231 

V = uAA^i = {vA)A-^ = (u L A + w A (3.20) 
Now, define the rejection Ra of A through 

Ra{x) (x A A)A-^, for x £ a. 

Then ((T^ becomes 

If i; £ A = {u £ y : u A A = 0}, we obviously obtain 

Pa{v) = w and Ra{v) — 0, 
and if V e A-^ = {u e V : u ^ A = 0}, we find 

Pk(w)=0 and 

We therefore see that Pa is the outermorphism of an orthogonal projection on 
A, while Ra corresponds to an orthogonal projection on A-^. 

Exercise 3.14. Show that Ra is an outermorphism and that Pa and Ra are 
self- adjoint, i.e. P^ ^ Pa and R*a ^ Ra- 

3.4 Some projective geometry 

We finish this section by considering some applications in classical projective 
geometry. 

Given a vector space V, the projective geometry P{V) on V is defined to 
be the set of all subspaces of V. The set of fe-dimensional subspaces is denoted 
Pk{V). Traditionally, Pi{V) is called the projective space and is usually denoted 
P"~^(F) if V is an n-dimensional vector space over the field F. 

PiV) forms a natural so-called lattice with a meet ^ and join ^ operation 
defined as follows: Let U and W be elements in P{V), i.e. subspaces of V. The 
largest subspace of V which is contained in both U and W is denoted U ^ W, 
and the smallest subspace of V which contains both U and W is denoted U ^ W. 
Hence, U ^ W = U DW and U W = U + W . 
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We saw earlier that when V is considered as embedded in a geometric algebra 
G{V), then to each nonzero /c-blade A Q there is associated a unique k- 
dimensional subspace A € Pk{V). Furthermore, we found that the outer and 
meet products of blades corresponded to the subspace operationj^ 

AAB = A"^ B if A'^B = 

and 

AVB^A'^B if A^'B^V. 

Let us now get acquainted with some concrete classical projective geometry 
in M" . 



3.4.1 The cross ratio in pi(M) 

Let V — M.'^ and choose a,b,c,d G V such that each pair of these vectors is 
linearly independent. Define the so-called cross ratio of four points 

(a A6)(cAd) 



D{a, b, c, d) 



(a Ac)(6Ad)' 



Note that each of the factors above is a nonzero multiple of the pseudoscalar, so 
that the above expression makes sense. The expression is a projective invariant 
in the following sense: 

i) D{a,b, c, d) only depends on d,b,c,d, i.e. on the four one-dimensional 
subspaces in P^(R) which correspond to the respective vectors. 

a) D{Ta, Tb, Tc, Td) = D{a, b, c, d) for every linear bijection T -.M? -> M? . 

We can reinterpret the projectively invariant quantity D(a, b, c, d) as a uni- 
versal property of four points in M.^. Namely, choose a line L away from the 
origin in V. By applying a projective transformation, i.e. a linear bijection, 
we can without loss of generality assume that the line or basis is such that 
L = Rei -|- 62. Then, representing a point A G M as a = Aei + e2 & L etc., we 
find a A 6 = {A — B)I and that the cross ratio is 

Projective invariance, i.e. the possibility of mapping L to any other line away 
from the origin, then means that this quantity is invariant under both transla- 
tions, rescalings and inversions in R^. 

Exercise 3.15. Verify properties (i) and {ii) above. Derive the general form 
of the transformations of M""^ which leave the cross ratio invariant, and verify 
explicitly that the expression (|3.2ip is invariant under such a transformation. 



'^In this context the choice of notation is slightly unfortunate. However, both the notation 
for meet and join of subspaces (which matches the logical operations) and the outer and meet 
products of multivcctors are strictly conventional. 
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6i a; = xici + 0:262 + 2:363 



Figure 3.1: Mapping a point a; e M'' to its projective representative X G 



Exercise 3.16. Let us consider 0{M.'^ — Spanjei, 62, 63}) as a part of Q{M.'^ = 
Spanjei, 62, 63, 64}) via the map 

a; X := a; + 64 

which is represented in Figure 13.11 We denote the respective pseudoscalars by 
I = 616263 and J = 61626364. Let x denote the usual cross product in M.^ (as 
defined in (|2.29p ) and verify that 

a) a; X y = (64 A X A Y)J 

b) y - a; = 64 L (X A y) 

Exercise 3.17. Let a,b,c and d be distinct vectors in R^. We are interested 
in determining the intersection of the hues through a, b and c, d respectively. 
As in the previous exercise, we consider a map (with a basis {61, 62, 63}) 

X i-^ X := X + 

Introduce L = A A B and M = C l\ D and show that 

Ly M = [A, B, C]D - [A, B, D]C, 

where [X, Y, Z] -.^ {X AY A Z) * (63 A 62 A 61) for X,Y,Z £M.^. Interpret this 
result geometrically. 



3.4.2 Cross ratios and quadrics in P'^(IR) 

Now, let F = R'^ (we could also choose R*'* with s-\-t — 3) . Choose a,b,c,d,e G 
V, pairwise linearly independent, such that a, 5, c, d all lie in a two-dimensional 
subspace not containing e. In the projective jargon one then says that the 
projective points a, &, c, d lie on a line which does not contain e. Let us think of 
the plane of this page as an afhncH subspace of V which does not contain the 
origin, and which intersects the lines a, b, c, and d at points which we represent 
by the names of those lines. Let us imagine that we have one eye in the origin 
and that the line through the eye and the point in the paper denoted a is the 
line d. We then have a picture like in Figure 
Define 

(aAbA6)(cArfAe) 

F{a,b,c,d,e) := — ; r. 

^ ^ (aAeA6)(5AdA6) 



^i.e. constant plus linear 
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Figure 3.2: Projective points a,b,c, and d on a common projective line which 
does not contain e. 



We immediately see that for all a, /3, 7, (5, e G , 

F{aa, (3b, 7c, 5d, ee) ~ F{a, b, c, d, e), 

which shows that F only depends on a, b, c, d and e in P^{M.). Fm-ther more, if 
T : ^ R'^ is a linear bijection then 

FiTa, Tb, Tc, Td, Te) = |^^^^j' f(a, b, c, d, e), 

and F{a, b, c, d, e) is a so-called projective invariant of five points. 

So far we have not used that the projective points a, 6, c, and d lie on a 
common line. We shall now show, with our requirements on a, b, c, d, e, that F 
does not depend on e. Assume that e' = e + aa + /36. Then a Ab Ae' = a Ab /\e 
and 

cAdAe' = cAdAe + Q:cA(iAa + /3cAdA& = cAdAe, 

since cA(iAa = cA(iA6 = (they all lie in the same plane in M"^) . Similarly, we 
find that we could have added linear combinations of c and d as well, and that 
the factors in the denominator also do not depend on e. Hence, we can define 
the cross ratio 

D{a, b, c, d) :— F{a, b, c, d, e), 

which then becomes a projective invariant of a,b,c,d with a similar geometric 
interpretation as before whenever these points lie on a common line. 

Let us now have a look at quadrics in P^(R). Let P{xi, X2, X3) denote a 
homogeneous quadratic polynomial^ in the (ordinary, commutative) polynomial 
ring X2, x^]. From the homogeneity follows that if (a, (3, 7) is a zero of the 
polynomial P, then also t{a, f3, 7) is a zero, for all t G K. Hence, if we (as usual) 
interpret the triple {xi, X2, x^) as the point x = xiei + ^262 + 0:363 £ then 
we see that zeros of P can be interpreted as points in P^(R). The zero set Z{P) 
of a homogeneous quadratic polynomial P is called a quadric. 

Example 3.6. Consider the homogeneous quadratic polynomial in three vari- 
ables 

P{x,y,z) ^x^ ~ 

Note that the intersection of the quadric Z{P) with the plane {{x,y,z) G R'^ : 
z = 1} is a unit circle, but by choosing some other plane we may get an ellipse, 
a hyperbola, or even a parabola or a line. 



®I.e. a quadratic form, but here we think of it as a polynomial rather than an extra 
structure of the vector space. 
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It is easy to see that five distinct points in P^(M) determine a homogeneous 
quadratic polynomial in three variables, up to a multiple, if we demand that 
the five points should be zeros of the polynomial. Assume that we are given five 
points a,b,c,d,e in K.^, and form 

P{x) = {aAbAe){cAdAe)(aAcAx){bAdAx)~{aAbAx){cAdAx){aAcAe)(bAdAe) 

P is then a homogeneous quadratic polynomial in (xi, a;2, X3), where x = xiCi + 
X2e2 + x^e^. One verifies by direct substitution that 

P{a) = P{b) = P{c) = P{d) ^ P{e) = 0, 

and hence that Z(P) is a quadric containing a, b, c, d, and e. 

3.4.3 Pascal's theorem 

There is an alternative way of finding a quadric through five points, which is 
equivalent to a classical theorem in plane projective geometry due to Pascal. 

Theorem 3.10 (Pascal). Let a,b,c,d,e, f be points on a quadric in P^(R). 
Then 

{{a Ab)y{dA e)) A ((6 A c) V (e A /)) A ((c A d) V (/ A a)) = (3.22) 

Proof. Form the homogeneous quadratic polynomial P{x) which is obtained 
from the expression (|3.22p when e.g. / is replaced with x. One easily verifies 
(e.g. using Exercise IXTT]) that P{a) = P{b) ^ P{c) ^ P{d) = P{e) = 0, from 
which the theorem follows. □ 

The geometric interpretation of the expression (I3.22p is that the three intersec- 
tion points of the line a Ab with the line d A e, the line b A c with e A /, resp. 
c A d with f A a, are all situated on one and the same line. See Figure [?751 

e 



a y 


c ^ — ' 




^ — 





d 



Figure 3.3: A geometric interpretation of Pascal's theorem. 



3.4.4 Polarizations in quadrics 

Let Q be a quadric in and choose a point p G P^ according to Figure 13.41 
Draw the tangent lines L\ and L2 to Q through p and form the line L through 
the tangent points t\ and i^- Then L is called the polar line to p with respect 
to Q. In classical projective geometry there are a number of theorems related 
to this notion. We will now show how geometric algebra can be used to obtain 
simple proofs and more algebraic formulations of some of these theorems. 
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Figure 3.4: The polar line L to the point p with respect to the quadric Q. 



Let Q = ^/(R'*'*), where n = s + t, and let T denote a self-adjoint outermor- 
phism from Q to i.e. T — T* . Consider the map / : — > R, f{x) := x * T{x) 
and forrrF"! 

Q := {x e e : f{x) = 0}, and := 5™ n Q. 

We then Yvsnc f{x + h) = f{x) + 2T{x)*h + h*T{h) so that /'(x), the derivative 
of / at the point x £ Q/is given by the linear map 

Q ^ M. 

h 2T(x) * h 

The tangent space Qx to the surface Q at the point x is then defined as the 
linear space 

Qx :=ker/'(x) C g. 
We also define := C?™ n Qx, which is the tangent space of Q™ at x. 
Definition 3.4. The polar to x with respect to Q is defined by 
PolQ(a;) ■.= T{xf = T{x)r\ 



We note in particular that PolQ(a;) = yr{x)j if x £ is a nonzero blade. 
We have a number of results regarding the polar. 

Theorem 3.11. If x e Q^ and hi, . . . ,hk £ Ql then x A hi A . . . A hk e Q'^^^ , 
i.e. 

T{x A hi A . . . A hk) ^ {x A hi A . . . A hk) ^ 0. 



Proof. We have 



{T{x) A T{hi) A ... A T{hk)) *{hkA...AhiAx)^dci 

T{x) * hk 

which is zero since f{x) — and 2T{x) * hj — f'{x){hj) = for j = \, . . . ,k. □ 



T[x) * X 
T{x) * hi 



^Note that / is actually a homogeneous quadratic polynomial in 2" variables. 
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If a; G Q™ then its polar PolQ(a;) is an element of Q" ™ because of the 
following 

Theorem 3.12. We have 

T{xy *T{T{x)'') = TdetT xt'Tix), 

where r = (_i)™"-'»/2 and a; e 5™. 

Proof. Assume that x G Q"^ and recall that 

T* oT" ^ (det T) id 

holds for all outermorphisms T. When T* = T we then obtain 

T{xY * T{T{xY) = {T{x)r^) * T*(T'^(a;/-i)) 

= (T(x)/"i) * ((det T)xr^) = det T {T{x)r^ xr^)o 
= (-l)"'("-™)/-2detr(r(a;)x)o, 

which proves the theorem. □ 

In other words, /(PolQ(a;)) = rdetT/(a;). We also have a reciprocality theo- 
rem: 

Theorem 3.13. Ifx,ye 5" then 

xAT{yr = yATixr. 
Proof. From Proposition 1 2 . 1 3l we have 

X A Tiyr = [x L Tiy)r = (x * T(y))'^ - (y * T(x))'^ (y l r(a;))'^ = y A ^(a;)^ 
where we used that T{x), T{y) eg™. □ 

Finally, we have the following duality theorem: 
Theorem 3.14. (T(x A y))" = PT^xf V T{yY. 

Proof. This follows immediately from the definition of the meet product and 
the fact that T is an outermorphism. □ 

Exercise 3.18. Interpret the above theorems geometrically in the case P^. 
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4 Discrete geometry 



In this section we consider applications of Clifford algebras in discrete geom- 
etry and combinatorics. We also extend the definition of Clifford algebra and 
geometric algebra to infinite sets and infinite-dimensional vector spaces. 

4.1 Simplicial complexes 

A simplicial complex K on a finite set is a subset of TiV) which is closed 
under taking subsets, i.e. such that for all A,Be J'(V) 

ACB e K AeK. 

In the following, let Cl{V) denote the Clifford algebra over the set V, where 
v'^ = 1, \fv E V , and where we use i? = Z as scalars. Define the chain group 
C{K) := Z and note that C{K) is an abelian subgroup of Cl{V) (w.r.t 
addition). The sets A K with signs are called (oriented) simplices and \ A\ — 1 
is the dimension of the simplex A. Hence, we write 

C{K) = Cd{K), where := Z. 

d>-l AeK 

~ |A|-l = <i 

An element of Cd{K) C Cl'^^^iV) is called a d-chain. The Clifford algebra 
structure of Cl{V) handles the orientation of the simplices, so that e.g. a 1- 
simplex uqWi, thought of as a line segment directed from the point vq to vi, 
expresses its orientation as vqVi = —viVq. 

Let sy ■= V G Cl^{V) and define the boundary map dy by 

dv: Cl{V) Cl{V), 

X 1-^ := Sy <- X. 

Then dy ^ 0, since 

dv o = Sy L (sy L x) = (sy A Sy) L a; = 0, (4.1) 

and the action of dy on a fc-simplex vqVi . . .Vk is given by 

k k 

dv{voVi . . .Vk) ^^Vi I. {vqVi ...Vk) = ^(-l)*uoWi ...Vi...Vk. 

1=0 1=0 

Note that C{K) is invariant under the action of dy by the definition of a sim- 
plicial complex. We also have, for x,y E CI, (see Exercise 12. 18|) 

dv{x)y + x*dv{y), 
dv{x)Ay + x*Adv{y), 

cr-\v), 

Cd-i{K). 

Example 4.1. Consider a set of three vertices, V = {vi,V2,V3}, and a simplicial 
complex K ~ {0,vi,V2,Vz,ViV2,V2V^}. An example of a 1-chain is x = viV2 + 
V2V3, with boundary dyx = V2 — vi + — V2 = —vi. Applying dy again, we 
explicitly obtain dyX =1 — 1 = 0. See Figure ITTl 



dv{xy) = 

dv{xAy) = 

dv : cr{v) ^ 

dv.CJK) 
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Figure 4.1: A 1-chain with nontrivial boundary in a simplicial complex K. 
4.1.1 Chain maps and complex morphisms 

Let K and L be simplicial complexes on the finite sets V and W, respectively. 
A grade preserving Z-linear map F : C{K) — > C(L) is called a chain map if the 
following diagram commutes 

C{K) ^ C{L) 
dv i [dw 
C{K) ^ C{L) 

i.e. if dw o F — F o dy- 

A natural way to obtain a chain map is through the following construction. 
Let f : V ^ W he a, map which takes simplices of K to simplices of L, i.e. such 
that 

{/(a) eW:aeA}^: f{A) e L 

whenever A E K . Then / is called a complex morphism. 

We can extend a complex morphism / to an outermorphism f/\ : Cl{V) — > 
Cl{W) such that /a : C{K) C{L). 

Lemma 4.1. fXisw) ~ sv 

Proof. For any v V we have 

V * fXi^w) = /a(w) * = 1, 

while X * fXi^w) — for any x G Cl'^^^{V) because outermorphisms preserve 
grades. From this we conclude that fXi^w) = sy- □ 

Corollary. f/\ is a chain map. 

Proof. Consider the diagram 

CiK) ^ C{L) 
dv i [dw 
C{K) ^ C{L) 

By Theorem 13. 6[ we have 

dwfhX = sw L (/ax) = /a((/aSw) l x) = fr,{sv l x) = f^dyx 
for aU X e C(if). □ 
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Figure 4.2: A triangulation of the triangle ABC, with a labehng of the nodes 
of its sides. Positive orientation means with respect to the plane of the page, as 
in the triangle on the right. 



4.1.2 An index theorem and Sperner's lemma 

Consider an arbitrary linear map F : Cl{V) Cl{W) such that Fdy = dwF 
(typically the chain map /a induced by some /) and define two linear mappings, 
the content and the index, by 

Cont : Cl{V) Z 

X ^ W * {Fx), and, 

Ind : Cl(y) 7L 

X ^ {Wa) * (Fdyx), 

where a is a fixed element in W . 

Theorem 4.2. Cont = Ind. 

Proof. Since is a chain map, we have for all x G Cl{V) 

Wa * Fdyx = Wa * dwFx — Wa * {sw >- Fx) 
= {Wa A Sw) * Fx * Fx, 

which proves the theorem. □ 

As an application we will prove Sperner's lemma (in the plane for simplicity). 

Theorem 4.3 (Sperner's lemma in the plane). Consider a triangulation of a 
triangle ABC and label every node in the triangulation with one of the symbols 
a,b or c in such a manner that A, B, C is labeled a, b, c respectively and so that 
every node on the side AB is labeled with a or b, every node on side BC is labeled 
with b or c, and those on AC with a or c. A triangle in the triangulation is called 
complete if its nodes nodes have distinct labels (i.e. a, b andc). Sperner's lemma 
states that there exists an odd number of complete triangles in the triangulation. 

Proof. To prove this, let V denote the set of nodes in the triangulation. To each 
triangle in the triangulation we associate the simplex v Av' Av" in Cl{V), where 
the order is chosen so that v,v', v" is positively oriented as in Figure Let x 
denote the sum of all these simplices. 

Now, we lei f : V W :— {a, b, c} he a map defined by the labeling, and 
extend it to an outermorphism (chain map) f/\ — F : Cl{V) Cl{W). We 
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Figure 4.3: The nodes on the segment BC of a triangulation of ABC. 

now see that the triangulation has a complete triangle if Contx ^ 0, i.e. if 
W * Fx ^ 0. But by the index theorem, Cont = Ind, so we only have to prove 
that Ind a; — Wa*F{dvx) ^ 0, or equivalently that ahca*dwFx — bc*dwFx ^ 
0. Note that dyx is just the boundary chain of the triangulation. Hence, the 
only terms in dyyFx we need to consider are those corresponding to the nodes 
on the segment BC. But since & A6 = cAc = 0wc conclude that (see Figure 
KM 

Indx = bc*{bAc + cAb + bAc + cAb+... + bAc) — bc*bc— -1, 

so that W * Fx = — 1. This proves that there is an odd number of complete 
triangles. □ 

By using induction on the dimension it is now easy to prove Sperner's lemma 
in higher dimensions. 

Exercise 4.1. Formulate and prove Sperner's lemma in general. 



4.1.3 Homology 

Another example where chain maps are useful is in homology theory, which is 
an invaluable tool in e.g. topology. 

Again, let K he a complex on y, and denote the boundary map on V by 
dy. We define the cycles Z{K) = keidy and the boundaries B{K) — vcudv. 

Since dy — Qwe have B{K) C Z{K). Hence, we can introduce the homology 

H(K) - Z{K)/B{K). 

We also define d-cycles, d-boundaries, and the corresponding dih. homology 
group, 

Zd{K) = Z{K)nC4K), 
Bd{K) = B{K)nCd{K), 
Hd{K) = Zd{K)/Bd{K). 

The fundamental theorem of finitely generated abelian groups (see e.g. 
states that every finitely generated abelian group is a direct sum of cyclic sub- 
groups. Thus, 

H4K)^Fd®Td, 
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where Fd = U for some r G N called the rank of Hd{K) or the Betti-number 
denoted f3d, and Td is the torsion part: for all t E Td there is a positive integer 
n such that nt = 0. 

Theorem 4.4. Every chain map F : C{K) — *■ C{L) induces a homomorphism 
F^ : H{K) — > H{L) on the homology level. Moreover, F^ : Hd{K) Hd{L) for 
all d>0. 

Proof. Consider the commutative diagram 

C{K) ^ C{K) 
Fi [F 
C{L) ^ C{L) 

We have for any b G B{K) that b = dyx, for some x G T^, so that 

Fb = Fdvx = dwFx G B{L). 

Also, z G Z{K) implies dwFz = Fdyz = FO = 0, and Fz G Z{L). Hence, the 
map 

H{K) ^ H{L) 
z + B{K) ^ Fz + B{L) 

is well defined. Lastly, : Hd{K) Hd{L) follows since F is grade preserving. 

□ 

Remark. From Exercise 12.211 and (|4.ip it follows that a more general boundary 
map dp :— Sp ^ , with Sp J2a£K \A\=p ^ ^^'^ P odd, would also give rise to a 
homology on K. 

4.2 The number of spanning trees in a graph 

We consider a finite connected simple graph (i.e. no loops or multi-edges) G 
with a set of edges E and vertices V. A subset T of i? is called a spanning tree if 
it is connected, has no cycles, and contains every vertex in V. This is equivalent 
with having no cycles and having |y| — 1 edges. In this subsection we will use 
Clifford algebra to prove a well known result about the number of spanning 
trees in G (see e.g. [35] and references therein for recent generalizations). 

Let us first choose a total ordering on V, denoted ~<. We introduce the 
Clifford algebras Cl{V) and Cl{E) with signatures 1. If e = {v',v} G E with 
v' ^ V, then we define 6{e) :— v — v' , and extend S to an outermorphism 

S -.CliE) ^Cl{V). 

We will need two simple lemmas. 

Lemma 4.5. // the subgraph of G induced by F C E contains a cycle 
vqVi . . . VkVQ, then SF = 0. 

Proof. The identity 

{vo - vi) + {vi - V2) + . ■ . + (vk-i - Vk) + [vk - Wo) = 

implies {vq — vi) A (ui — '^2) A . . . A {vk — vq) = 0, and SF = 0. □ 
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Lemma 4.6. If F C E, 6F ^ and \F\ = \V\ — 1, then there exists an e = ±1, 
such that V A 5F = eV for every vinV. 

Proof. Note that, if e = {v, v'} is an edge in F, then we have {v — v') A 5F = 
5{ef\F) =0. Then, since the conditions imply that the subgraph induced by F 
is connected and contains every vertex of we conclude that v A5F does not 
depend on v G V. 

Fix a vertex v and let vi,V2, ■ ■ ■ ,Vs be the neighbourhood of v in the sub- 
graph induced by F, i.e. all the vertices in V such that ei := {v,vi},e2 ■= 
{v, V2}, • ■ • , Cs := {v, Vs} are edges in F. Denote the set of remaining edges in 
by i^'. Then 

V A {vi — v) A {v2 — v) A . . . A {vs — v) = V A Vi A V2 A . . . A Vs, 

so that, up to some signs Cfe, 

V A6F = e\v A 6{eie2 . . . e^) A 6F' = e\e2V A t;2 A . . . A A Ui A 5F' . 

By repeating this argument with vi in place of f , and so on, we obviously obtain 
vASF = eV, for some e G {—1, 1} independent of v. This proves the lemma. □ 

Before we state the theorem we define the outermorphism "Laplace of G" 

by 

A = SoS* -.CliV) ^Cl{V), 

where 6* : Cl{V) Cl{E) is defined by the property S*x * y = x * dy for 
all X G Cl{V), y e Cl{E). The adjugate A*^j of A was earlier defined by 
^adj ^ ^*c^ ^ijgj.g A* = (<5 o 5*)* = SoS* = A and A'=(a;) = A{xV)V-'^. 
Hence, 

A'^^{x) = A{xV)V^ VxGCliV). 
Theorem 4.7 (Kirchoff's matrix tree theorem). For all u,v gV we have 

u * A'^^jy = N, 
where N denotes the number of spanning trees in G. 

Proof. In the proof we will use the following simple rules for v & V, x,y,z € 
Cl{V): 

■ 5{F^) = {5F)^ 

■ x*y= {xy)o = {{xy)^)o = {y^x^)o = y^ *x^ =y*x 

■ X * i^yz) = {xyz)o = {zxy)o = {xy) * z 

■ vx = v\-x + vAx 
We have 

u*A'^^v = u* 6o5*{vV)V'' = * 6o6*{vV) = S* (V'' u) * 6* (vV). 
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Denote n = \V\. Now, since S* is grade preserving, and V^u and vV are of 

grade n — 1, wc conclude that S*{VUj,) and 5*{vV) also have grade n — 1. By 
expanding these in a basis of subsets of E we obtain 



F|=„-l 



{{V^u) * SF) {{vV) * SF^) 

F\=r^-l 

{V^ * (uSF)) (yT ^ (vSF)) 

FC.E 
F\ = n-\ 

Y (vHuASF))^(V\vASF))^ 



FCE 
\F\^-n- 



F spanning tree 



□ 



Remark. Note that the boundary map S on edges is induced by the boundary 
map dv defined previously. In general, we can consider the induced structure 

ciiiD) ^ - Cl'iV) 

IS SI idv 

(or similarly for dp), where (^) denotes the set of fc-subsets of V. 
4.3 Fermionic operators 

Here we consider a finite set E = {ei, . . . , e„} and its corresponding Clifford 
algebra with signature 1 and scalars F, which we denote by ^ = Cl{E,¥, 1). 
Define the fermion creation and annihilation operators acting on ip G 

clit/j) := ei A tjj, Ci{ip) := e, l tjj. 

Again, by the properties of the inner and outer products, we find, for any xp & T, 

CiCj{->p) = (ei A ej) ^ -tp = -CjCi{-)p), 
44 ^ Si A Cj A X = -c]c|(V'), 
CiCj{ip) = ei L {ej Alp) = Si^tp - ej A (e^ i- ip) ^ Sijtp - CjCiiip). 

We summarize these properties by the anticommutation relations 

{ci,cj} = 0, {ci,ct} = dij, {ct,ct} = 0, (4.2) 

where {A, B} := AB + BA is called the anticommutator. 
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With F = C, the inner product (0, ip)jr 0t ^ ^ denotes the complex 
conjugate acting on the scalar coefficients, and "0^ is the reverse) makes T into 
a complex 2"-dimensional Hilbert space. We also find that 

{(j), Ci1p)yr = * (ei L ?/;) (/)t A * V' = (4(1), 

so that cl is the adjoint of Ci with respect to this inner product. In quantum 
mechanics, this space J- is usually called the fermionic Fock space of n particles 
and the physical interpretation is that each of the operators cj and Ci creates 
resp. removes a particle of type/location i. Because (c|)^ = 0, there cannot 
be more than one particle of the same type at the same locatiorF^. Any state 
ip G J- can be written as a linear combination 

ip ^ "0 + ^ aic] + ^ aijC^c] + . . . + ai...„c| . . . cJ, ipo 

\ i i<j j 

of particle creations acting on an empty, or zero-particle, state V'o = 1- The 
scalar coefficients a\ determine the probabilities p\ — of measuring 

the physical state in a definite particle configuration Ci = cj^c|^ ••■cJj.V'o- 
There is also a number operator, np :— cjc^, which simply counts the number 
of particles present in a state. 

Exercise 4.2. Show that npii — k^p for ijj e J^k '■= Cl^{E,C, 1), both by using 
the anticommutation relations (j4.2p . and in an alternative way by using the 
properties of the inner and outer products. 



4.4 Infinite-dimensional Clifford algebra 

This far we have only defined the Clifford algebra Cl{X, R,r) of a finite set 
X, resulting in the finite- dimensional geometric algebra Q(y) whenever R is 
a field. In order for this combinatorial construction to qualify as a complete 
generalization oiQ, we would like to be able to define the corresponding Clifford 
algebra of an infinite-dimensional vector space, something which was possible 
for in Definition 12.21 

The treatment of Cl in the previous subsections is in a form which easily 
generalizes to an infinite X. Reconsidering Definition 12.41 we now have two 
possibilites: either we consider the set of all subsets of X, or just the 

set 3^{X) of all finite subsets. With the tensor-algebraic definition in mind, 
we choose to first consider only 3^{X), and then the generalized case J'(X) in 
the next subsection. We therefore define, for an arbitrary set X, ring R, and 
signature r: X R, 

Ch{X,R,r):= ^ R. (4.3) 

Elements in C/g^ are then finite linear combinations of finite subsets of X. 

Our problem now is to define a Clifford product for CZgr. This can be achieved 
just as in the finite case if only we can find a map r : 3^{X) x 3^{X) — » R satisfying 
the conditions in Lemma [THl We show below that this is possible. 

We call a map t : 3^{X) x 3^{X) —>■ R grassmannian on X if it satisfies {i)-{v) 
in Lemma with T(X) replaced by J(X). 

^^This characterizes fermionic particles in contrast to bosonic particles. 
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Theorem 4.8. For any given X, R, r there exists a grassmannian map on J{X). 

*Proof. We know that there exists such a map for any finite X . Let Y Q X and 
assume r' : 3^iY) x S^iY) ^ R is grassmannian on Y. If there exists z ^ X \ Y 
we can, by proceeding as in the proof of Lemma [2.61 extend r' to a grassmannian 
map r: S'iY U {z}) x J{Y U {z}) ^ RonYU{z} such that r|gr(y)xg^(F) = t' . 

We will now use transfinite induction^ or the Hausdorff maximality theo- 
re to prove that r can be extended to all of 3^{X) C J'(X). Note that if r 
is grassmannian onYCX then t is also a relation r C CP(X) x CP(X) x R. Let 

H := |(y,T) e 7{X) X ^(^(X) x ViX) X i?) : r is grassmannian on r|. (4.4) 

Then Ti. is partially ordered by 

(r,r) < (y',r') iff ycr' and TV(y)x?(F) =T. (4.5) 

By the Hausdorff maximality theorem, there exists a maximal totally ordered 
"chain" C 7i. Put Y* U(y r)eK; want to define a grassmannian map 

T* on Y*, for if we succeed in that, we find {Y* ,t*) E HD K, and can conclude 
that Y* = X by maximality and the former result. 

Take finite subsets A and B of F* . Each of the finite elements m AU B lies 
in some Y such that (Y, t) G /C. Therefore, by the total ordering of /C, there 
exists one such Y containing AVJ B. Put t*{A,B) t{A,B), where {Y,t) is 
this chosen element in AC. r* is well-defined since ii AlJ B C Y and A\J B Y' 
where (Y, r), (Y', t') e K, then Y CY' oiY' CY and r, r' agree on {A, B). It is 
easy to verify that this t* is grassmannian on Y* , since for each A,B,Cg S'iX) 
there exists (Y, t) G /C such that AU B U C CY. □ 

We have shown that there exists a map r : J'iX) x 3^{X) R with the 
properties in Lemma [2.61 We can then define the Clifford product on Cl3^{X) 
as usual by AB :— t{A, B)AAB for A, B E J'iX) and linear extension. Since 
only finite subsets are included, most of the previous constructions for finite- 
dimensional CI carry over to Cls^. For example, the decomposition into graded 
subspaces remains but now extends towards infinity, 

oo 

Ch = ^C4. (4.6) 

k=0 

Furthermore, Proposition 12 . 71 still holds, so the reverse and all other involutions 
behave as expected. On the other hand, note that we cannot talk about a 
pseudoscalar in this context. 

Let us now see how C/y can be applied to the setting of an infinite-dimension- 
al vector space V over a field F and with a quadratic form q. By the Hausdorff 
maximality theorem one can actually find a (necessarily infinite) orthogonal 
basis E for this space in the sense that any vector in V can be written as a 
finite linear combination of elements in E and that /3g(e, e') = for any pair of 
disjoint elements e, e' G E. We then have 

g{V,q)^Ch{E,¥,q\E), (4.7) 

This theorem should actually be regarded as an axiom of set theory since it is equivalent 
to the Axiom of Choice. 
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which is proved just Hkc in the finite-dimensional case, using Proposition [5TTJ 

Let us consider an apphcation of the infinite-dimensional Clifford algebra 
Cls^. Given a vector space V, define the full simplicial complex algebra 

eiV):=ChiV,R,l), (4.8) 

where we forget about the vector space structure of V and treat individual points 
w e y as orthogonal basis 1-vectors in CZ3p with = 1. The dot indicates that 
we think oi v as a point rather than a vector. A basis (fc -I- l)-blade in C{V) 
consists of a product vqVi . . .Vk of individual points and represents a (possibly 
degenerate) oriented fc-simplex embedded in V. This simplex is given by the 
convex hull 

{fe fc 
aiVi e V : ai >Q,'^ai = l \ . (4.9) 
i=0 i=0 J 

Hence, an arbitrary element in G{V) is a linear combination of simplices and can 
therefore represent a simplicial complex embedded in V . Restricting to a chosen 
embedded simplex K C 9'{V), we return to the context of the chain group C{K) 
introduced previously. However, the difference here is that the chain group of 
any simplicial complex properly embedded in V can be found as a subgroup of 
C{V) - even infinite such complexes (composed of finite-dimensional simplices). 
We can define a boundary map for the full simplicial complex algebra, 

dv:e{v)^e{v), 

dv{x) :— V I- X. 
vev 

Note that this is well-defined since only a finite number of points v can be 
present in any fixed x. Also, 9y = follows by analogy with sv, or simply 



dv{x) — ^ u L j ^ V ^ x \ — ^ U L (t) L x) = ^ [ii t\v) L x 
iiev \vev / ii.vev u.vev 



= 0. 



(4.10) 

We can also assign a geometric measure a to embedded simplices, by map- 
ping a /c-simplex to a corresponding /c-blade in Q{y) representing the directed 
volume of the simplex. Define a: C(y) Q^Y) by 

a(l) := 0, 

o{v) 1, 

a(vQVx ...Vk) ■= iiivi ~ vo) A (w2 - I'd) A • • • A {vk - vq), 

and extending linearly. One can verify that this is well-defined and that the 
geometric measure of a boundary is zero, i.e. a o dy — 0. One can take this 
construction even further and arrive at "discrete" equivalents of differentials, 
integrals and Stokes' theorem. See [33] or [3Dj for more on this. 

4.5 *Generalized infinite-dimensional Cliff"ord algebra 

We define, for an arbitrary set X, ring R, and signature r: X R, 

Cl{X,R,r) -.^ R. (4.11) 

9iX) 
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Hence, elements of Cl{X) are finite linear combinations of (possibly infinite) 
subsets of X. The following theorem asserts that it is possible to extend r all 
the way to T'(X) even in the infinite case. We therefore have a Clifford product 
also on Cl{X). 

Theorem 4.9. For any set X there exists a map \ ■ I2 : y{y{X)) Z2 such 
that 

i)\A\2^\A\ (mod 2) for finite A (^y{X), 

ii) \A^B\2 - \A\2 + \B\2 (mod 2) 
Furthermore, for any commutative ring R with unit, and signature r : X ^ R 
such that r{X) is contained in a finite and multiplicatively closed subset of R, 
there exists a map r: J'(^) x J'(X) R such that properties {i)-{v) in Lemma 
\2.b\ hold, plus 

vi) t{a,b) = (-i)l(2)l2+l(2)l2+l(''t'')l, t{b,a) y A,Be yix). 

Here, (;^) denotes the set of all subsets of A with n elements. Note that 
for a finite set A, |(^)| — ('^') so that for example | ('^) | — \A\ (in general, 
card (^) = card A) and | ('^) | = ^1^1(1^1 ^ !)• This enables us to extend the 
basic involutions *, f and □ to infinite sets as 

A* := (-1)1(^)12 A, 

At (-1)1(2)12 A, 

and because | ('^f ^) I2 = I (f ) I2 + I (f ) I2 (^"'^ ^) ^^^^^ ^^^^ ^^^^ 

satisfy the fundamental properties (|2 17p - (|2.19p for all elements of Cl{X). The 
extra requirement (vi) on r was necessary here since we cannot use Proposition 
12.71 for infinite sets. Moreover, we can no longer write the decomposition ()4.6p 
since it goes beyond finite grades. We do have even and odd subspaces, though, 
defined by 

Cl^ := {x eCl:x* = ±x}, (4.12) 

and Cl~^ and Clgr (with this r) are both subalgebras of CL 

It should be emphasized that t needs not be zero on intersecting infinite sets 
(a rather trivial solution), but if e.g. r : X ^ {il} '^e can also demand that 
T : y{X) X fix) {±1}. A proof of the first part of Theorem E^] is given in 
Appendix IA.3I 

Although this construction provides a way to handle combinatorics of infi- 
nite sets, we should emphasize that its applicability in the context of infinite 
dimensional vector spaces is limited. Let us sketch an intuitive picture of why 
this is so. 

With a countable basis E = {ci}^]^, an infinite basis blade in CI could be 
thought of as an infinite product A = Ci^Ci^ei^ . . . = Jlfc^i ^ih- ^ change of 
basis to E' would turn each e d E into a finite linear combination of elements 
in E' , e.g. ej = Pjk^'k- However, this would require A to be an infinite sum 
of basis blades in E' , which is not allowed. Note that this is no problem in CZg^ 
since a basis blade A — Y[^=i ^ik is a finite product and the change of basis 
therefore results in a finite sum. 

This completes our excursion to infinite-dimensional Clifford algebras (we 
refer to 01331111] and references therein for more on this topic). In the following 
sections we will always assume that X is finite and V finite-dimensional. 
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5 Classification of real and complex geometric 
algebras 

In this section we establish an extensive set of relations and isomorphisms be- 
tween real and complex geometric algebras of varying signature. This eventually 
leads to an identification of these algebras as matrix algebras over R, C, or the 
quaternions H. The complete listing of such identifications is usually called the 
classification of geometric algebras. 

5.1 Matrix algebra classification 

We have seen that the even subspace of Q constitutes a subalgebra. The fol- 
lowing proposition shows that this subalgebra actually is the geometric algebra 
of a space of one dimension lower. 

Proposition 5.1. We have the algebra isomorphisms 
for all s, t for which the expressions make sense. 

Proof. Take an orthonormal basis {ei, . . . , Cg, ei, . . . , et} of M'''* such that ef — 1, 
ef — —1, and a corresponding basis {e^, . . . , e^, e^^, . . . , it-i} of M'*'*^^. Define 
/: W'*-^ by mapping 

^ CiEu « = 1, . . . ,s, 
1-^ e^et, i = 1, . . . ,i - 1, 

and extending linearly. We then have 

/(&)/(%) - 

for i 7^ j , and 

/(e.)/(e,) = 

for all reasonable i,j. By Proposition 12.11 (universality) we can extend / to 
a homomorphism F : g{W'^-'^) g+{W^*). Since dima(R"'*-i) = 2"+*-i = 
2''+*/2 ~ AmiQ^ iW'*-) and F is easily seen to be surjective, we have that F is 
an isomorphism. 

For the second statement, we take a corresponding basis {cj^, . ■ . , e^, Cj^, . . . 
...,e,_i} ofM*'"-i and define /: R*'"-i -^g+{W'*) by 

e.j I— > ^iCs, i — 1, . . . ,t, 
1-^ e^Cs, i = 1, . . . ,s - 1. 

Proceeding as above, we obtain the isomorphism. □ 
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Corollary. It follows immediately that 

In the above and further on we use the notation Q{¥^''^) := Cl{0,¥, 0) = F for 
completeness. 

Example 5.1. We have already seen exphcitly that g+{R'^) ^ C = ^(M"^^) 
and that the even subalgebra of the space algebra is ^+(M^) = Q{M.'^''^) i.e. the 
quaternion algebra (see Example 12. 9p . Moreover, since the pseudoscalar fc in H 
is an imaginary unit, we also see that fJ+(R'^'^) = C/+(R^'*'). 

The property of geometric algebras that leads to their eventual classification 
as matrix algebras is that they can be split up into tensor products of geometric 
algebras of lower dimension. 

Proposition 5.2. We have the algebra isomorphisms 
for all n, s and t for which the expressions make sense. 

Proof. For the first expression, take orthonormal bases {ei} of M"+2, {e^} of 
RO'" and {ej of R^. Define a mapping / : R"+2 ^ g{M.°^") (g> g{R^) by 

Cj 1-^ ® 6162, j = 1, . . . ,n, 

Cj 1-^ 1 ® Cj-n, j = n + l.n + 2, 

and extend to an algebra homomorphism F using the universal property. Since 
F maps onto a set of generators for ^?(R'^'") Cg)CJ(R2) it is clearly surjective. Fur- 
thermore, dim^(R"+2) = 2"+2 = dim a(R°'") ® ^(R^), so F is an isomorphism. 

The second expression is proved similarly. For the third expression, take 
orthonormal bases {6i, . . . , Cg+i, ei, . . . , et+i} of R''+^'*+^, {e^, ...,£5,6]^,... , e^} 
of M"^* and {e,e} of R^'^, where ef = ^ -1 etc. Define / : R'^+L^+i ^ 
g(R^'*) ® by 

ej 1-^ (g) ee, j = l,...,s, 
tj ^ ej®ee, j = l,...,t, 

€t+i i-^ l(g)e. 

Proceeding as above, we can extend / to an algebra isomorphism. □ 

We can also relate certain real geometric algebras to complex equivalents. 
Proposition 5.3. If s + t is odd and P ~ —1 then 

g{w^*) = g+iR"'') ® c ^ g{C'+'~^). 
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Proof. Since s + 1 is odd, the pseudoscalar / commutes with ah elements. This, 
together with the property P = —1, makes it a good candidate for a scalar 
imaginary. Define F: ® C — > by linear extension of 

E(g)i ^ E e e+, 

E®i ^ EI eg-, 

for even basis blades E. F is easily seen to be an injective algebra homo- 
morphism. Using that the dimensions of these algebras are equal, we have an 
isomorphism. 

For the second isomorphism, note that Proposition 15 . 1 1 gives CJ+(M'*'*) (g)C = 
Q[W'*~^) (g) C. Finally, the order of complexification is unimportant since all 
nondegenerate complex quadratic forms are equivalent. □ 

Corollary. It follows immediately that, for these conditions, 

for any p > 0, q > I such that p + q = s + t. 

One important consequence of the tensor algebra isomorphisms in Proposi- 
tion 15.21 is that geometric algebras experience a kind of periodicity over 8 real 
dimensions in the underlying vector space. 

Proposition 5.4. For all n > 0, there are periodicity isomorphisms 

C?(R0-"+8) ^ g(RO'") (g, e(R0'8), 
a(C"+2) ^g(C")®ce(C2). 

Proof. Using Proposition 15.21 repeatedlv. we obtain 

^ g(M"-o) g{R°^^) g(K.^'°) ® g{M.°'^) ® ^^(r^'") 

^ g(R"^0)®g(R8'0), 

and analogously for the second statement. 

For the last statement we take orthonormal bases {ei} of C"+^, {gj} of C" 
and {e,} of C^. Define a mapping /: C"+2 ^ ^(C") (g)c ^(C^) by 

e-,- i (gc 6162, j = 1, . . . , n, 
ej ^ l(8)cej_„, j = n + l,n + 2, 

and extend to an algebra isomorphism as usual. □ 

Theorem 5.5. We obtain the classification of real geometric algebras as matrix 
algebras, given by Table 15.11 together with the periodicity 

g{W+^'^) ^ g{R''-'+^) ^ ^;(R"'*) 0R16X16. 
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8 


R[16] 


R[16] ©M[16] 


M[32] 


C[32] 


H[32] 


H[32] © H[32] 


H[64] 


C[128] 


M[256] 


7 


R[8] © M[8] 


M[16] 


C[16] 


H[16] 


H[16] ©H[16] 


H[32] 


C[64] 


M[128] 


M[128] ©M[128] 


6 


M[8] 


C[8] 


H[8] 


H[8] © e[8] 


H[16] 


C[32] 


R[64] 


K[64] © R[64] 


M[128] 


5 


C[4] 


H[4] 


e[4] e H[4] 


H[8] 


C[16] 


R[32] 


R[32] © R[32] 


R[64] 


C[64] 


4 


H[2] 


H[2] © H[2] 


M[4] 


C[8] 


M[16] 


R[16] ©M[16] 


R[32] 


C[32] 


H[32] 


3 


H©H 


H[2] 


C[4] 


M[8] 


R[8] © R[8] 


M[16] 


C[16] 


H[16] 


H[16] ©H[16] 


2 


H 


C[2] 


R[4] 


M[4] © R[4] 


R[8] 


C[8] 


H[8] 


H[8] © H[8] 


H[16] 


1 


C 


R[2] 


R[2] © M[2] 


M[4] 


C[4] 


H[4] 


H[4] © H[4] 


H[8] 


C[16] 





R 


ReR 


R[2] 


C[2] 


H[2] 


e[2] © e[2] 


H[4] 


C[8] 


R[16] 







1 


2 


3 


4 


5 


6 


7 


8 



Table 5.1: The algebra ^(R'''*) in the box (s,t), where ¥[N] = F^^ 



Proof. Start with the foUowing easily verified isomorphisms (see Examples 
O and Exercise : 



g(RO'i) ^ C, 

We can now work out the cases {n, 0) and (0, ti) for = 0, 1, . . . , 7 in a criss- 
cross fashion using Proposition l5.2l and the tensor isomorphisms (see Exercises 

COkC c® c, 

H(g)RH = M4x4^ 

With Q{M}'^) = ^/(R^^°) and Proposition l5.2l wc can then work our way through 
the whole table diagonally. The periodicity follows from Proposition 15.41 and 



□ 



Because all nondegenerate complex quadratic forms on C" are equivalent, 
the complex version of the above theorem turns out to be much simpler. 

Theorem 5.6. We obtain the classification of complex geometric algebras as 
matrix algebras, given by 

GiC^) ^ C, 
g(Ci) ^ C©C, 

together with the periodicity 

a(C"+2) ^ g(C") ®c C2X2. 

In other words, 



2'' X2'' 1^2'' X2'' 



for fc = 0,1,2,... 

Proof. The isomorphism ^(C") = Q{R") C gives 

e(c°) ^ C 

g(C2)^M2x2^^_^ 

Then use Proposition 15.41 for periodicity. 

Example 5.2. A concrete representation of the space algebra 
algebra is obtained by considering the so-called Pauli matrices 



n2x2 





" 


1 ' 




" -i' 




" 1 " 


CTl = 


1 





, ^2 = 


i 




-1 



□ 

as a matrix 
(5.1) 



54 



These satisfy tr^ = cr| = cr| = 1, cFj^k = —o-kcrj, j 7^ k, and cri(T20'3 = *, 
and hence identifies the space algebra with the Pauli algebra C^^^ through the 
isomorphism p : Q{M.^) — > C^^^, defined by p(efc) := ak- An arbitrary element 
x^a + a + bI + /3I^Q is then represented as the matrix 



p{x) 



a + 03 + (/3 + 63)1 ai + 62 + (61 - a2)i 
ai - &2 + {h + 02)1 a - 03 + (/3 - &3)i 



(5.2) 



The periodicity of geometric algebras actually has a number of far-reaching 
consequences. One example is Bott periodicity, which simply put gives a peri- 
odicity in the homotopy groups tt^ of the unitary, orthogonal and symplectic 
groups. An example is the following 

Theorem 5.7. For n > k + 2 and all k > 1 we have 

( {0} if k = 2,4,5,6 (mod 8) 
7rfc(0(n)) = 7rfc(S0(n)) = <^ Z2 if k = 0,1 (mod 8) 

[ Z ifk = 3,7 (mod 8) 

See j26j for a proof using K-theory, or [31j and references therein for more 
examples. 

Exercise 5.1. Complete the proof of the second statement of Proposition l5.ll 

Exercise 5.2. Prove the second expression of Proposition [521 

Exercise 5.3. Complete the proof of the second isomorphism in Proposition 



Exercise 5.4. Complete the proof of Proposition 

Exercise 5.5. Prove that C ® C = C (8)r C. 
Hint: Consider the map 

(1,0) ^ i(l®l + i®i), 
(0,1) ^ ^{l(S)l~i(E>i). 
Exercise 5.6. Prove that C ®r H ^ C^^^ 

Hint: Consider HI as a C-module under left scalar multiplication, and define 
an M-bihnear map $ : C x H ^ Homc(IHI, H) by setting $z,g(a;) := zxq. This 
extends (by the universal property of the tensor product; see Theorem lA.il) to 
an R-hnear map $ : C H ^ Homc(H, H) = C^^^^^ 

Exercise 5.7. Prove that H H = R''^'*. 

Hint: Consider the R-bilinear map : H x H ^ HomR(H,]HI) given by setting 
*«i,g2(2;) qixq2- 

5.2 Graded tensor products and the mother algebra 

Let us also consider a different characterization of geometric algebras. 
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Let G{Vi,qi) and G{V2, 52) be two geometric algebras, and form their tensor 
product (considered not as an algebra, but as an F-module) 

T = g{Vi,qi)(^g{V2,q2). 

We shall now introduce a new multiplication on T through 

T xT ^ T 

{x®y , x' ®y') ^ (-l)'5(2')*(^')(a;a;') {yy') 

for elements such that 

V.y e g+{V2,q2)lig-{Vi,qi), 

and where 5{z) = if z € 5+ and 5{z) = 1 if z € g~ . This multiplication map 
is then extended to the other elements through bilinearity. 
We immediately note that 

(wi (g) 1 + 1 O W2)^ = (wi 1) + (ui O 1)(1 (81U2) 

+ (1 V2){V1 1) + (1 (8> V2){1 V2) 

= vl iSi 1 + Vi ® V2 — Vi (Si V2 + 1 <Si vl 

so that, if we as usual identiiy 101 with 1 e F, we obtain 

1 + 1 V2)'^ =vf +vl = q{vi) + q{v2)- 
Hence, if we introduce the vector space 

F = {vi 1 + 1 (g) -^2 : wi € 14, i;2 G V"2} = "14 © V2, 
and the quadratic form q:V^V, 

q{vi 1 + 1 U2) := qi{vi) + 92(^^2), 

then we find that g{V,q) becomes a Clifford algebra which is isomorphic to 

T = g{Vi,qi)(E)g{V2,q2), where the symbol signals that we have defined a 
special so-called Z2-graded multiplication on the usual tensor product space. 
As a consequence, we have the following 

Proposition 5.8. For all s,t,p,q > 0, there is a graded tensor algebra isomor- 
phism 

^s+p,t+q^ ^ r^rW**'*) (g) ^(IRP>9). 



Corollary. It follows immediately that 

g{R''*)^g{R^'°) <S ... 0a(Ki'°) ... 0a(M°'i). 

^ V ' ^ V ' 

5 factors t factors 
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When working with a geometric algebra over a mixed-signature space, where 
the quadratic form is neither positive nor negative definite, it can often be a 
good idea to embed the algebra in a larger one. 

Consider ^(M*'*'") generated by an orthonormal basis 

{e^ , . . . , e^, , . . . , ,ei,..., e„} 

with (e^)^ = 1, (ej)^ = —1, and (e^)^ = 0. Introduce the mother algebra 
^(M"'"), with n = s + t + u, and an orthonormal basis 

{/l J ■ • • ) /n ) /l ) • • • ) /n } 

with = 1 and (fff = -1. 

We now define $ : ^(IR-''''''") ^ ^(M"'") on M"-''" by setting 

$(e+) := /+, $(e-) := /r , $(e°) := /+ - 

and extending linearly. Note that 

^etr = {etr, ^ejf = {ejf, ^elf = {elf. 

By universality, $ extends to all of Q{W''^''^) and since i> is injective R*'*'" —>■ 
M"'", it follows that $ is an injective homomorphism of geometric algebras. 

Similarly, it also follows that every finite-dimensional geometric algebra 
^(M*'*'") is embedded in the infinite-dimensional mother algebra CI(jf)(Z,R, r), 
where r{k) := {k > 0) - {k < 0), k e Z. 

Exercise 5.8. Veriiy that the graded multiplication on T introduced above is 
associative. 
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6 Groups 



One of the reasons that geometric algebras appear naturaUy in many areas of 
mathematics and physics is the fact that they contain a number of important 
groups. These are groups under the geometric product and thus he embedded 
within the multiphcative group of invertible elements m Q. In this section we 
will discuss the properties of various embedded groups and their relation to other 
familiar transformation groups such as the orthogonal and Lorentz groups. The 
introduced notion of a rotor will be seen to be essential for the description of 
the orthogonal groups, and will later play a fundamental role for understanding 
the concept of spinors. 

Throughout this section we will always assume that our scalars are real 
numbers unless otherwise stated. This is reasonable both from a geometric 
viewpoint and from the fact that e.g. many common complex groups can be 
represented by groups embedded in real geometric algebras. Furthermore, we 
assume that Q is nondegenerate so that we are working with a vector space of 
type W'*. The corresponding groups associated to this space will be denoted 
SO(s,i) etc. 

6.1 Groups in Q and their actions on Q 

An obvious group contained in Q is of course the group of all invertible elements 
of Q, which we denote by ■ AH other groups we will discuss in this section 
are actually subgroups of , or directly related to such subgroups. Let us 
introduce the subgroups we will be discussing in the following definition. 

Definition 6.1. We identify the following groups embedded in Q: 





:= {x E G ■ & G ■ xy = yx ^ 1} 


the group of all invertible elements 


f 


■.^ {xeG"" ■■ x*Vx-^ C V} 


the Lipschitz group 


r 


:= {viV2 ■■■I'kEG ■■v^eV} 


the versor group 


Pin 


:= {xeT : xx'f = ±1} 


the group of unit versors 


Spin 


:= Pin n e+ 


the group of even unit versors 


Spin^ 


:= {x E Spin : xx^ = 1} 


the rotor group 



where := {v E V : ^ 0} is the set of invertible vectors. 

One of the central, and highly non-trivial, results of this section is that the 
versor group P and Lipschitz group P actually are equal. Therefore, P is also 
called the Lipschitz group in honor of its creator. Sometimes it is also given 
the name Clifford group, but we will, in accordance with other conventions, use 
that name to denote the finite group generated by an orthonornial basis under 
Clifford multiplication. 

The versor group P is the smallest group which contains . Its elements 
are finite products of invertible vectors and are called versors. As seen from 
Definition 16.11 the Pin, Spin, and rotor groups are all subgroups of this group. 
These subgroups are generated by unit vectors, and in the case of Spin and 
Spin'*', only an even number of such vector factors can be present. The ele- 
ments of Spin+ are called rotors and, as we will see, these groups are intimately 
connected to orthogonal groups and rotations. 
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Example 6.1. Consider a rotation by an angle iy9 in a plane. The relevant 
algebra is the plane algebra C/(R^), and we have seen that the rotation can be 
represented as the map — *■ M^, 

V 1-^ ve'f^ = e^^'ve^^ . (6.1) 

The invertible element i?^ := e^^ = cos ^ + sin is clearly in the even sub- 
algebra, so i?* = and we also see from (|6.ip that i?^R^i?~^ C R^, hence 
-Rip € r. The set of elements of this form, i.e. the even unit multivectors 
{e'^-f : (/5 e M} U(l), is obviously the group of unit complex numbers. Fur- 
thermore, we can always write e.g. 



Rip = ei ycos Y ^1 + ^^"^ 2" '^^ 



i.e. as a product of two unit vectors, and wc find that this is the group of rotors 
in two dimensions; Spin(2) = Spin^(2) = U(l). However, note that because 
of the factor ^ in R^, the map from the rotors to the actual rotations is a 
two-to-one map U(l) S0(2) 9^ U(l). 

In order to understand how groups embedded in a geometric algebra are re- 
lated to more familiar groups of linear transformations, it is necessary to study 
how groups in Q can act on the vector space Q itself and on the embedded un- 
derlying vector space V. The following are natural candidates for such actions. 

Definition 6.2. Derived from the geometric product, we have the following 
canonical actions: 

L: Q End Q left action 

X ^ L^: y ^ xy 

R: Q End Q right action 

X I— > Rx : y ^ yx 

Ad: ^ End Q adjoint action 

X I— > Kdx : y ^-> xyx^^ 

Ad: ^ End Q twisted adjoint action 

X ^ KAx ■ y t— > x*yx~^ 

where End Q are the (vector space) endomorphisms of Q. 

Note that the left and right actions L and R are algebra homomorphisms while 
Ad and Ad are group homomorphisms (Exercise 16. 2p . These actions give rise 
to canonical representations of the groups embedded in Q. Although, using the 
expansion (|3.ip one can verify that Ad^, is always an outermorphism while in 
general Ad^. is not, the twisted adjoint action takes the graded structure of G 
into account and will be seen to play a more important role than the normal 
adjoint action in geometric algebra. Note, however, that these actions agree on 
the subgroup of even invertible elements G~^ ■ 

Example 6.2. As an application, let us recall that, because the algebra G 
is assumed to be finite-dimensional, left inverses are always right inverses and 
vice versa. This can be seen as follows. First note that the left and right 
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actions are injective. Namely, assume that = 0. Then Lx{y) — 0\fy and m 
particular L^^l) = x = 0. Suppose now that xy — 1 for some x,y G Q. But 
then LxLy — id, so that Ly is a right inverse to L^. Now, using the dimension 
theorem 

dim kcr Ly + dim im Ly = dim Q 

with keriy = 0, we can conclude that Ly is also a left inverse to Lx- Hence, 
LyLx — id, so that Ly^^i — 0, and yx ~ 1. 

Exercise 6.1. Verify that the groups defined in Definition 16 . 1 1 rcallv are groups 
under the geometric product. 

Exercise 6.2. Verify that the actions L and R are R-algebra homomorphisms, 
while Ad and Ad : GL{Q) are group homomorphisms. Also, show that 

Adx is an outermorphism for fixed x € , while 

(Ad, 1^)^(2;) = Ad, (y*) 
(i.e. Ad, Ig, is not an outermorphism) for x Ci and y d G. 
6.2 The Cartan-Dieudonne Theorem 

Let us begin with studying the properties of the twisted adjoint action. For 
V G we obtain 

Ad„(z;) = v*vv^'^ = -V, (6.2) 
and if w G y is orthogonal to v, 

Adv{w) = v*wv^^ — —vwv^^ — wvv^^ — w. (6.3) 

Hence, Adi, acts on as a reflection along w, in other words in the hyperplane 
orthogonal to v. Such a transformation is a linear isometry, i.e. an element of 
the group of orthogonal transformations of {V,q), 

0{V, q) :— {f : V ^ V : f linear bijection s.t. qo f ^ q}- 

Obviously, q{Adv{u)) = Ady{u)'^ = vuv~^vuv~^ — u^vv^^ — q{u) for all w G 
For a general versor x — U1U2 . . . Ufc S F we have 

Ad,(u) = (ui . . . Uk)*v{ui . . . Ufe)"^ = u^. . . utvuT^ . . . u'^^ 
= Ad„i o . . . o Ad„Ju), 

i.e. Ad, is a product of reflections in hyperplanes. It follows that the twisted 
adjoint action (restricted to act only on V which is clearly invariant) gives a 
homomorphism from the versor group into the orthogonal group 0(y, q). 

In Example 16.11 above we saw that any rotation in two dimensions can be 
written in terms of a rotor i?^ which is a product of two unit vectors, i.e. as 
a product of two reflections. In general, we have the following fundamental 
theorem regarding the orthogonal group. 

Theorem 6.1 (Cartan-Dieudonne). Every orthogonal transformation on a non- 
degenerate space (V, q) is a product of reflections in hyperplanes. The number 
of reflections required is at most equal to the dimension of V . 
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We shall give a constructive proof below, where the bound on the number of 
reflections is n = dim V for definite signatures, and 2n for mixed signature 
spaces. For the optimal case we refer to e.g. [1], or [TO] . 

Corollary. The homomorphism Ad: F — > 0(V,q) is surjective. 

Proof. We know that any / e 0{V,q) can be written / = Ad^ o . . . o Ad^^ 
for some invertible vectors vi, . . . ,Vk, k < 2n. But then / — Ad,jj ..„^, where 
V1V2 . . .Vk & T. □ 

We divide the proof of the Cartan-Dieudonne Fheorem into several steps, 
and we will see that the proof holds for general fields F with the usual assumption 
that charF 7^ 2. We will also find it convenient to introduce the following 
notation for the twisted adjoint action: 

U:=Mu, i.e. Uix) = U*xU-\ 

Lemma 6.2. If x,y G V ''' and = then either x + y or x ~ y is in . 

Proof. Assume to the contrary that 

= {x + j/)^ = x'^ + y'^ + xy + yx and 
= ~ v)'^ ^ x^ + y'^ — xy ^ yx. 

Thus 2{x^ + y2) = 0, but 2 7^ in F then implies 2x^ = + = 0, which is a 
contradiction. □ 

If the quadratic form q is either positive or negative definite then, under the 
same conditions, either x = y, x = —y, or both x ±y G (see Exercise 16. 5p . 

Lemma 6.3. With the conditions in Lemma \6.2\ it holds that 

x + y(lV^ {x + y){x) — ~y and 

x-y => {x - y) {x) = y. 

Proof. 11 x + y eV^ we have 

{x + y)*x{x + y)^^ = -{x^ + yx){x + y)^^ = — (z/ + yx){x + y)~^ 
= -y{y + x){x + yy^ = -y. 

The other implication is obtained by replacing y with —y. □ 

Note that when — t/^ 7^ and x + y e then we also see that y{x + y){x) — 

y{-y) = y- 

Lemma 6.4. Let ei, . . . , e„ and /i, . . . , /„ be two orthogonal sequences in V 
such that e| = ff , i = 1, . . . , n. Then there exist vi, . . . ,Vr ^ , where r < n, 
such that 

vi-.-Vr je^i) = Tjfj, j = 1, . . . , n, 
for suitable Tj G { — 1,1}. 
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Proof. We shall construct iti, . . . , u„ such that Ui — 1 or Ui G and such that 
for each m < n the conditions 

i) Um ■ ■ ■Mi (e)) = Tj/j, l<3<m 
ii) Urnifk) = Ik, 1 <k <m 

are satisfied. 

We start with m = 1: If ei = /i we choose ui = 1. If ei /i and 
ei ~ /i G we choose ui :— ei — fi and obtain Mi(ei) — fi. If ei 7^ /i and 
si ^ fi ^ then we must have ei + /i G ^ , so we choose ui := ei + /i and 
obtain M]_(ei) = — /i- 

Now, assume we have constructed wi, . . . , Um such that m < n — 1 and such 
that the conditions (i) and (m) are satisfied. We would like to construct Um+i- 

If Um ■ ■ ■Ui{em+i) — fm+i then we choose Um+i '■— 1 and hence also satisfy 
the corresponding condition (m). 

If Um ■ ..Ui jem+l) - /m+1 G , we choOSe Um+l := Mm ■ ..Ui {em+l) - frn + l 

and obtain Um+i ■ ■ ■ wi(em+i) = fm+i, which proves (i) for the case j = m + I. 
When k < m + 1 we have 

fk * Um+l = fk * (M„t . . . Ml (e„i+l) - /m+l) 

= {Tk Um ■ ■ ■ Ui {ek)) * Um - ■ ■ Ui jCm+l) = TkBk * Cm+l = 0. 

But then we must have Um+iifk) = fk which gives (m). Now let j < m. Then, 
by (i) and (m), we see that 

Um+l ■ ■ ■ Ul jej) = Um+l ( um ■ ■ ■ Ul jc^)) = Um+l jTjfj) = Tjfj, 

which proves {i) also for this case. 

It remains to consider the case when Um ■ ■ ■ ui {em+i) + fm+i € but 
none of the earlier cases hold. This case is investigated in a similar way, or is 
immediately realized by replacing Cm+i with — Cm+i (exercise). 

Proceeding by induction, this proves the lemma. □ 

Note that when we have constructed ui,...,u„_i it then also follows that 
Un-i . . - ui jen) = T„/„ sincc ...Ul e 0{V) and ei, . . . , e„ resp. /i, . . . , /„ 
are orthogonal bases. 

We are now ready to prove Theorem l6.ll Let / G 0{V, q) and put fj := /(ej) 
for j = l,...,n, where {ei, . . . ,en} is some orthogonal basis for V. Then 
ef = fi Vi and {/i, . . . , /„} is also an orthogonal basis. Let wi, . . . ,Un be as 
constructed in Lemma 16.41 (i.e. Ui = I or Ui £ V^) and let Un+k [Tk = 
1) + {.Tk = -l)fk, I < k < n. Then we find U2n . ■ . u^+i jfk) = Tkfk for aU 
fc = 1, . . . , n. This shows that U2n ■ ■ ■ ui — f , which proves the theorem. 

Exercise 6.3. Show that for / G 0{V,q) (as defined above) /a (2;) * f/\{y) — 
x*yyx,yeg, f*^f-\ and det/G {1,-1}. 

Exercise 6.4. Show that Ad^, is a refiection along v, in an alternative way, by 
using the formula for a projection in Sect ion Also, verify that det Ad^ = — 1. 

Exercise 6.5. Show that {x + yY{x — yY = — 4(a; A y^ for all x,y &V s.t. 
x^ — y^, and construct an example of two linearly independent vectors a;, y in a 
nondegenerate space such that x^ = y^ but x + y ^ . 
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Exercise 6.6. Find vi,V2,V3 G (M'^)^ such that 

where / e 0(3) is defined by /(ei) = 63, /(e2) = |ei + §62 and /(es) = 
fei - |e2. 

6.3 The Lipschitz group 

We saw above that the twisted adjoint action maps the versor group onto the 
group of orthogonal transformations of V. The largest group in Q for which Ad 
forms a representation on V, i.e. leaves V invariant, is by Definition 16.11 the 
Lipschitz group T. Hence, (or explicitly from (|6.4p ). we see that F C F. 

We will now introduce an important function on Q, conventionally called the 
norm function, 

6.5 

N{x) := x°x. 

The name is a bit misleading since N is not even guaranteed to take values in 
M. However, for some special cases of algebras it does act as a natural norm 
(squared) and we will see that it can be extended in many lower-dimensional 
algebras where it will act as a kind of determinant. Our first main result for 
this function is that it acts similarly to a determinant on F. This will help us 
prove that F = F. 

Lemma 6.5. Assume that g is nondegenerate. If x ^ g and x*v = vx for all 

V € V then x must be a scalar. 



Proof. From Proposition 12.91 we have that v i- x — for all v E V. This means 
that, for a fc-blade, (ui A ■ • ■ A Vk-i A Vk) * x = (ui A ■ • ■ A Vk-i) * (wfe l x) = 
whenever fc > 1 . The nondegeneracy of the scalar product implies that x must 
have grade 0. □ 

Theorem 6.6. The norm function is a group homomorphism N : T ^ . 

Proof. First note that if xx^^ — 1 then also x*{x~^)* — 1 and (x^^Yx^ = 1, 
hence (x*)-^ = (x"^)* and (x^)-^ = (a^"^)^- 

Now take x G F. Then x*vx^^ G V for all u G and therefore 

x*vx"^ = {x*vx-^)^ = {x-yvx°. (6.6) 

This means that = vx^x, or N{x)*v — vN{x). By Lemma 16.51 we find 

that N{x) G M. The homomorphism property now follows easily, since for 
x,y €T, 

N{xy) = {xy)''xy = y'^x'^xy = y''N{x)y = N{x)N{y). (6.7) 

Finally, because 1 = N{1) = N{xx^^) = N{x)N{x~^), we must have that N{x) 
is nonzero. □ 

Lemma 6.7. We have a homomorphism Ad: F — > 0(V,q) with kernel . 
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Proof. We first prove that Ad^r is orthogonal for x G f . Note that, for v ^ V, 

N{M^{v)) = N{x*vx-^) = {x*vx-^)°x*vx-^ 

= {x-^)°v°x''x*vx-^ ^ {x-^)°v°N{x)*vx~^ (6.8) 
= (x-i)°t;°wa;-iiV(x)* = N{v)N{x~^)N{x) = A^(w). 

Then, since N{v) = v°v = — u^, we have that Adxiv)"^ = . 

Now, if Adj: = id then x*v = vx for all w £ and by Lemma 16.51 we must 
havex eRnf^M^. □ 

We finally obtain 

Theorem 6.8. It holds that T = f. 

Proof. We saw earlier that F C F. Take x G F. By the above lemma we 
have Ada; G 0{V,q). Using the corollary to Theorem 16.11 we then find that 
Ada; — Ady for some j/ G F. Then Ada;y-i = id, and xy^^ = A G K.^. Hence, 
X = Ay G F. □ 

Exercise 6.7. Let Q^^ := Q'' n and show that the Lipschitz group F also 
can be defined through 

F^lxGe^'+ug^- : Ad,(l/)CT/}. 



6.4 Properties of Pin and Spin groups 

From the discussion in the previous subsections followed that Ad gives a surjec- 
tive homomorphism from the versor/Lipschitz group F to the orthogonal group. 
The kernel of this homomorphism is the set of invertible scalars. Because the 
Pin and Spin groups consist of normalized versors (i.e. N[x) — ±1) we find the 
following 

Theorem 6.9. The homomorphisms 

Ad: Pin(s,i) ^ 0(s,i) 
Ad: Spin(s,<) ^ SO(s,t) 
Ad: Spin+(s,i) ^ SO+(s,i) 

are surjective with kernel {±1}. 

The homomorphism onto the special orthogonal group, 

SO{V,q) :={/GO(V^,g):det/ = l}, 

follows since it is generated by an even number of reflections. SO^ denotes 
the connected component of SO containing the identity, which will be explained 
shortly. 

In other words. Theorem 16.91 shows that the Pin and Spin groups are two- 
sheeted coverings of the orthogonal groups. Furthermore, we have the following 
relations between these groups. 
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Take a unit versor ip — uiU2...Uk G Pin(s,<). If ip is odd then we can 
always multiply by a unit vector e so that ^ — dztpee and ±ipe € Spin(s,i). 
Furthermore, when the signature is euclidean we have tjji/j'' — ulu^ ■ ■ ■u'i — 1 
for all unit versors. The same holds for even unit vcrsors in anti-euclidean 
spaces since the signs cancel out. Hence, Spin = Spin^ unless there is mixed 
signature. But in that case we can find two orthogonal unit vectors e+,e_ 
such that = 1 and = —1. Since e+e_(e+e_)t = —1 we then have that 
tjj = tjj{e+e-)'^ , where '!/'e+e_(V'e+e_)^ = 1 if ipip^ = —1. 

Summing up, we have that, for mixed signature s,< > 1 and any pair of 
orthogonal vectors e+, e_ such that = 1, = — 1, 

Pin(s,i) — Spin^(s, i) • {1, e+, e_, e-|_e_}, 
Spin(s,i) — Spin^(s,i) • {l,e-|_e_}, 

while for euclidean and anti-euclidean signatures, 

Pin(s,i) = Spin(+)(s,i) • {l,e}, 

for any e eV such that = ±1. From the isomorphism = fJ+(R*''') 

we also have the signature symmetry 

Spin(+)(s,i) = Spm^+\t,s). 

In all cases, 

r(s,t) = R"" • Pin(s,t). 

From these considerations it is sufficient to study the properties of the rotor 
groups in order to understand the Pin, Spin and orthogonal groups. Fortunately, 
it turns out that the rotor groups have very convenient topological features. 

Theorem 6.10. The groups Spin^ (s,t) are pathwise connected for s > 2 or 
t > 2. 

Proof. Pick a rotor R G Spin^(s,<), where s or i is greater than one. Then 
R — V1V2 ■ ■ ■ V2k with an even number of G F such that = 1 and an even 
number such that vj = —1. Note that for any two invertible vectors a,b we 
have ab = aba~^a = b'a, where 6'^ = b^. Hence, we can rearrange the vectors 
so that those with positive square come first, i.e. 

R = aibi . . . apbpa[b[ . . . a'^b'^ = Ri . . . RpR[ . . . R'^, (6.9) 

where af — bf — 1 and Ri — Oibi — ai*bi + ai A bi (similarly for af — b[^ — —1) 
are so called simple rotors which are connected to either 1 or -1. This holds 
because 1 = RiRl = (a^ * 6^)^ — (a^ A so we can (see Exercise 16. 8p write 
Ri — ±e"^'°''^^' for some <j>i G M. Depending on the signature of the plane 
associated to A bi, i.e. on the sign of (a^ A 6^)^ G M, the set e*"'^''' C Spin"'" 
forms either a circle, a line or a hyperbola. In any case, it goes through the unit 
element. Finally, since s > 1 or t > 1 we can connect -1 to 1 with for example 
the circle e^^'^^^, where ei, 62 are two orthonormal basis elements with the same 
signature. □ 

Continuity of the map Ad (which follows from the continuous (smooth) opera- 
tion of taking products and inverses inQ^) now implies that the set of rotations 
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represented by rotors, i.e. SO , forms a connected subgroup containing the 
identity. For euclidean and lorentzian signatures, we have an even simpler situ- 
ation: 

Theorem 6.11. The groups Spin^(s,i) are simply connected for {s,t) = {n,0), 
(0, n), (l,n) or (n, 1), where n > 3. Hence, these are the universal covering 
groups o/ SO"*'(s, t). 

Proof. This follows from the fact that, for these signatures, 

TTi (S0+ (s,t)) =Z2 = kerAd |gpi„+(s^t) 

(in general tti (SO+(s, i)) = 7ri(S0(s)) x 7ri(SO(0); cp. e.g. Theorem [O for 
the euclidean case), together with the fact that the rotor groups are connected, 
and the properties of the universal covering groups (see e.g. Theorem VII. 6.4 
in [37] and references therein). □ 

This sums up the the situation nicely for higher-dimensional euclidean and 
lorentzian spaces: The Pin group, which is a double-cover of the orthogonal 
group, consists of two (euclidean case) or four (lorentzian case) simply connected 
components. These components are copies of the rotor group. 

Exercise 6.8. Verify that it R = ab — a*b + aAb, with a, 6 e G^, and — 1, 
then R = cre'^"^'' for some 0GMand(TG{±l}. 



6.5 The bivector Lie algebra Q"^ 

We have reduced the study of the orthogonal groups to a study of the rotor 
groups, which in all higher dimensions are connected, smooth Lie groups. An 
understanding of such groups is provided by their local structure, i.e. their 
corresponding tangent space Lie algebra, which in this case is simply the space 
of bivectors with a Lie product given by the commutator bracket [•, •] (recall 
Exercise 12.201) . To see this, take any smooth curve i? : M Spin+, t R{t) 
through the unit element; R{0) = 1. We claim that the tangent R'{0) is a 
bivector. Namely, differentiating the identity R{t)R{ty = 1 at t = gives 

R'iOy = -R'{0). (6.10) 

Furthermore, since R(t) e for aU t, we must have i?'(0) £ ®k=() i 0^+'^''. 
We write R'{0) = B + Z, where B ^ and Z contains no grades lower than 6. 
Also, because R{t) G F along the curve, we have for any v ^ V 

w{t) := R{t)vR{ty e V yt. 

Again, differentiating this expression and using (|6.10p yields 

V 3 w'iO) = R'{0)v - vR'{0) = -2v l R'{0) = -2v l B - 2u l Z. 

Inspecting the grades involved in this equation, it follows that w l Z = for all 
V € V, and by Lemma [^751 that Z — 0. 

The commutator product of is inherited from the geometric product of 
Spin^, which through the twisted adjoint action corresponds to taking prod- 
ucts of orthogonal transformations. In fact, there is a canonical Lie algebra 
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isomorphism between the bivector space and the algebra so{V, q) of antisym- 
metric transformations of V (which is the Lie algebra of SO(y, q)), given by (cp. 
Exercise [XHl) 

so = spin = 

where {ei}i is any general basis of V. One verifies, by expanding in the geometric 
product, that (Exercise 16. 9p 

^[eiAej,efeAe/] = (cj H<efc)ej Ae; - (cj >i=e;)ei Ac*; + (e^ *e/)ej Ae^ - (e^ *efe)ej Ae/. 

(6.11) 

Remark. Actually, this bivector Lie algebra is more general than it might first 
seem. Namely, one can show (see e.g. [TU] or [TT]) that the Lie algebra qI of 
the general linear group can be represented as a bivector algebra. From the 
fact that any finite-dimensional Lie algebra has a faithful finite-dimensional 
representation (Ado's Theorem for characteristic zero, Iwasawa's Theorem for 
nonzero characteristic, see e.g. |23j ) it then follows that any finite-dimensional 
real or complex Lie algebra can be represented as a bivector algebra. 

Recall that (see Exercise 12. 7p . for any choice of norm on Q, the exponential 
defined by e"^ :— J2T=o T\ converges and satisfies 

and xe^ — e^x for any x ^ Q. The following holds for any signature. 

Theorem 6.12. For any bivector B £ we have that ±e^ G Spin^. 

Proof. It is obvious that ±e^ is an even multivector and that e^(e'^)^ = 
e^e~^ — 1. Hence, it is sufficient to prove that S F, or by Theorem 

KEl that e^Ve-^ C V. 

Let W := {y £ Q : V * y — Vv £ V} = (Bk^iG'^ and choose x £ V and 
yew. Define a map / : M ^ R by 

fit) := {e'^xe-'^)*y. 

f is obviously a real analytic function with derivatives 

fit) = (i?e*^xe-*^ - e*^xe-*^B) * y = [B, e^^xe"*^] * y, 

f"{t) = [B, Be*^a:e-*^ - e*^a:e-*^B] *y=[B, [B, e*^a;e-*^]] * y, 

etc. It follows that f^''\0) = ad%{x) * y = for all A; > 0, since ads : F -> V 
(see Exercise |3tI|). Hence, f{t) = Vi G R and e'^ie"*^ eV. □ 

In other words, ±e^^ C Spin^. Actually, the converse inclusion holds for (anti-) 
euclidean and lorentzian spaces. 

Theorem 6.13. For (s,t) = {n,0), (0,n), (l,n) or {n,l), we have 

Spin+(,s,i) = ±e^'(«°-'), 

i.e. any rotor can be written as (minus) the exponential of a bivector. The 
minus sign is only required in the lower- dimensional cases (0,0), (1,0), (0,1), 
(1,1), (1,2), (2,1), (1,3) and (3,1). 
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The proof can be found in [3S] . Essentially, it relies on the fact that any isom- 
etry of an euclidean or lorentzian space can be generated by a single infinites- 
imal transformation. This holds for these spaces only, so that for example 
Spin+(2,2) ^ ±eS^(^'''^), where for instance the rotor 

±eie2e3e4e'3(^i'=^+2eie4+e3e4)^ ^ > 0, 

cannot be reduced to a single exponential; see [27] and [35l pp. 150-152. 

Similarly, we see below that even though one can always decompose a bivec- 
tor into a sum of at most i - dim V basis blades, the decomposition is particularly 
nice only in the euclidean and lorentzian cases. 

Theorem 6.14. Given any bivector B G G'^iV), there exists a basis {/i, . . . , /„} 
of V such that 

B = Pufl A /2 + /334/3 A /4 + . . . + P2k-1^2kf2k-l A /afe, (6.12) 

where 2k < n. IfV is (anti-) euclidean then the basis can be chosen orthonormal, 
while if V is (anti-) lorentzian then either the {fi}i can be chosen to form an 
orthonormal basis, or we need to choose fi — eg + ei, where {cq, e\, f^, ■ ■ ■ , fn} 
is an orthonormal basis o/R^'". For other signatures, such an orthogonal de- 
composition is not always possible. 

Proof. We will first prove the orthogonal decomposition for the euclidean case, 
and then observe that this also gives the general (weaker) statement. For the 
lorentzian case and the last statement of the theorem we refer to [55] . 

We start with a general observation: If T : R" R" is linear then there 
exists a subspace M C R" such that T{M) C M and 1 < dimM < 2. To see 
this we start by extending T : C" — > C" and therefore realize that there exists 
A e C and z € C" \ {0} such that Tz — Xz (this follows from the fact that 
the polynomial det(Aid— T) has a zero in C, by the fundamental theorem of 
algebra). Now, write X — a -\- ir and z — x + iy, where cr, r S R and x,y ^ R". 
Let M — Span]g{a;, y}. We now have that 

Tx -\- iTy = T{x + iy) = (cr + iT){x + iy) = {ax — ry) -|- iirx -\- cry), 

which gives Tx = ax—ry and Ty ~ rx+ay. Hence, T{M) C M and dim A/ < 2. 

Let us now assume that the signature is euclidean, i.e. V = R", and prove 
that, given any bivector B G Q^, there exists an orthonormal basis such 
that the decomposition (|6.12p holds. Introduce the rank of B, rank(i3), as the 
least integer m such that there exists a basis {ei, . . . , e„} in which B can be 
written 

B= J2 ftje, Acj. (6.13) 

l<i<j<m 

We prove the theorem by induction on rank(i3), i.e. for each fixed m > 2 we 
show that for every B G with rank(i3) = m there exists an orthonormal basis 
{/!,...,/„} such that (fO^ holds. 

For TO = 2 the statement is trivial (choose an orhonormal basis for the plane 
ei A 62), so assume that m > 2 and put W = Rei + . . . + Re^ = ei A . . . A 
(where {ciji is the basis in (|6.13p ). But then the map WBxi-^x^BgW 
has a nontrivial invariant subspace M of dimension < 2. 
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First assume that dimM = 1. Then there exists an orthonormal basis 
{/i, • ■ • , /m, e„i+i, ...,€„} of y such that /i A . . . A /,„ = ei A . . . A e„, M = 
M/i,andB= ^ But then 

l<z<j<m 

A/l =.fl^B= + P'ufs + ■■■+ P'l„Jnu 

implying = = A for 1 < j < m. This means that at most m — 1 basis 
vectors are required in the expression for B, contradicting the assumption that 
rank(_B) = m. 

Hence, dimM = 2 and we can assume that M — R/i + M/2, where once 
again {/i, . . . , /„, Cm+i, • ■ ■ , e„} denotes an orthonormal basis of V such that 
B= Yj /3,'j /i/j . We can write 

l<2<j <m 

m 

a/i+/3/2 = /i Li? = ^/3i,/„ 

so that a = and /3 = I3'i2- Furthermore, if /2 l i? = 7/1 + 5J2 then 5 = 
/2 L (/2 L S) = (/2 A /2) L B = and 

7 = /i L (/2 L i?) = (A A /2) L B = -(/2 A /i) L B = -/2 L (/i L B) = -^^[2- 

Thus, /i L B = /3;2/2 and ^ l B = -/3i2/i- If we let B' := B - we 
therefore have /i l _B' = /2 l B' = and, writing i3' = ^ P'/jfifjj we find 

l<2<j<m 

= /i Li3' = ^/3;;./, ^ Vl<j<m, 

0^f2^B' = Y,P2jfj ^ /32,=0 V2<j<m. 

Hence, B' can be expressed solely in terms of the m — 2 basis vectors fa, - ■ ■ ,fm, 
i.e. rank(i3') < m — 2. The induction assumption now implies existence of 
an orthonormal basis on the form {/i, /2, 53, • ■ ■ , 5m, e-m+i, ■ • • , Cn} such that 
B' = jjj+igjgj+i, and hence that 

j=3,5,7,...,k<m 

B = (i'i2fih + 134.9394: + 7565556 + ■ ■ • + 7fc,fc+i5/c5fc+i, 

which proves the theorem in the cuclidean case. 

For the weaker but signature-independent statement, note that a decom- 
position of the form (|6.12p in terms of a general basis {fj}^^i only concerns 
the exterior algebra associated to the outer product. Hence, given a bivector 
<i<j<n l^ij^i ^ there is no loss in generality in temporarily switching 
to euclidean signature (where e.g. * = (5^), with respect to which one can 
find an orthonormal basis {fj = ajkek}^^i such that (|6.12p holds. Once we 
have found such a basis we can switch back to the original signature, and real- 
ize that is of course still a basis (not necessarily orthogonal) and that 
the expression (|6.12p reduces to the original expression for B upon expressing 
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Remark. Let us see why the additional requirement is necessary in the lorcntzian 
case. Namely, assume that {eg, ei, . . . , e„} is an orthonormal basis of M^'" with 
Cq = 1. Consider B :— (eo + ei) A 62, and assume that B can also be written 

B = /3i/i/2 + Psfsfi + ■■■ + /32p-i/2p-i/2p, 2p<n + l 

for some other orthonormal basis {/i, /2, . . . , fn+i}- Since 

= BAB = 2/31/33/1/2/3/4 + 2/31/35/1/2/5/6 + ■• . 

. . . + 2/32p-3/32p-l/2p-3/2p-2/2)3-l/2p, 

we must have P2s+iP2t+i = for all s,t. But then only one term in the sum 
can survive, and we can assume, e.g. 

(eo + ei) Ae2 =/3/i/2, /3 ^ 0. 
Squaring both sides, we find 

so that either /i = or /| = 0, but this contradicts the signature of the 
space. □ 

Another way to state Theorem 16.141 in the euclidean and lorentzian case is 
that every bivector B can be written as a sum of commuting 2-blades: 

B = Bi + B2 + ... + Bk, (6.14) 

such that B, e S2, BiB^ ^ BjB, ViJ, dim Bi = 2, _L B^ V« ^ j, and 
k < n/2. It then follows that every rotor can be written e^^e^^ . . . e^*", 
where each factor is a simple rotor (as discussed in the proof of Theorem 16. lOp . 
The decomposition (|6.14p is unique unless Bf — Bj for some i j- 

Exercise 6.9. Verify (|6.1ip and observe that, with Lij :— ^e^ A ej and the 
metric tensor gij := * ej (recall that {ei}i is any general basis), this leads to 
the conventional commutation relations 

[Lij,Lki] = gjkL'ii — gjiLik + guLjk ~ gikLji 
for the (anti-hcrmitian) generators of so(s,i). 

Exercise 6.10. Use Theorem 16.141 to prove that a bivector B E G'^{V) is a 
blade if and only if B^ is a scalar (regardless of the signature of V). 

Exercise 6.11. Construct an example of a homogeneous multivector which 
squares to a nonzero scalar even though it is not a blade. 

Exercise 6.12. Show that the Killing form, 

K{A,B) ■.= trg2{a.d A a^ds), A^BeG^, 

of the Lie algebra spin = simplifies to 

K{A,B) = cA*B, 

and determine the constant c. (Note that for (anti-) euclidean signatures, K <Q, 
reflecting the fact that the corresponding Spin groups are compact.) 
Hint: Use reciprocal bases and Exercise 13.61 
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6.6 Examples in lower dimensions 

We finish tliis section by considering various examples in lower dimensions, and 
work out the respective Pin, Spin and rotor groups in each case. We also see 
that we can use various involutions and extended versions of the norm function 
(|6.5p to determine the corresponding group of invertible elements. 

It will be convenient to use the following characterization of the rotor groups 
in lower dimensions as simply being the groups of even unit multivectors. 

Proposition 6.15. If dim V < 5 then 

Spin+ = {Reg+ : = 1}. 

Proof. By definition, the rotor group is a subset of the right hand side in all 
dimensions, so let us consider any even grade multivector R such that — 1. 
Then R is invertible and R-^ ^ R'< e g+ . We claim that RVR'' CV, so Ret 
and hence also a rotor. The claim follows because for any v d V the expression 
RvR'' is both odd and self- reversing, and hence in (B G^- This proves the 
claim and hence the theorem for dimF < 5. In the case dimF — 5, assume to 
the contrary that 

RvR^ = w + al, 

with w £ V and a ^ 0. Then, since the pseudoscalar commutes with everything, 

a = {RvR^r^)a = {Rvr^R^)a = {vr'^R'<R)a = (w/"^)o = 0, 

which is a contradiction. □ 

We will also find it useful to extend our set of grade-based involutions with 
the following generalized ones. 

Definition 6.3. We define 

[A] := 

for A e y{X) and extend linearly to Cl{X, R, r). 

Exercise 6.13. Show that Proposition 16 . 1 51 cannot be extended to dimV^ = 6. 
6.6.1 The euclidean line 

Let us first consider the algebra of the euclidean line, tJ(M^) — Spangjl, e}, 
where e is the basis element, = 1. This is a commutative algebra with 
pseudoscalar e. Because the only unit vectors are {±e}, the unit versors resp. 
rotors form the discrete groups 

Pin(l, 0) = {1, -1, e, -e} = Za x Z2, 
Spin(+)(1,0) = {1,-1} ^Z2. 

Note that ±1_ is the identity map, while ±e is the unique reflection of the line. 

One easily finds the multiplicative group ^^(M^) by considering the norm 
function, which with a one-dimensional vector space is given by 

Ni{x) :— x°x — x*x. 
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For an arbitrary element x ^ a (3e then 

Ni{x) = {a- Pe)ia + /3e) ^a^ ^f]"^ eR. 



When Ni{x) 7^ we find that x has an inverse x ^ = jv/(a;) ^* ~ a'^-p'^ 
Hence, 



(a-/3e). 



g"" {R^) = {x e g : Ni{x) ^ 0} = {a + (3e e g : ^ (3^}. 



Note also that Ni{xy) — x*y*xy — Ni{x)Ni{y) for all x,y £ g since the algebra 
is commutative. 

6.6.2 The anti-euclidean line 

The algebra of the anti-euclidean line, C7(R"'^) ~ Span^jlji} = C, is of course 
also a commutative algebra, but, unlike the previous example, this is even a 
field since every nonzero element is invertible. The norm function is an actual 
norm (squared) in this case. 



namely the modulus of the complex number. We have already noted that 
the grade involution represents the complex conjugate and, as above, x^^ = 
. The relevant groups are 



6.6.3 The degenerate line 

We also include the simplest example of a degenerate algebra, ^(M^'"'^), just to 
see what happens in such a situation. Let the vector n span a one-dimensional 
space with quadratic form q — 0. Then 



and = 0. The norm function depends only on the scalar part in this case, 

Ni{a + fin) = {a ~ /3n){a + /3n) e R+. 

Hence, an element is invertible if and only if the scalar part is nonzero; 

Since no vectors are invertible, we are left with only the empty product in the 
versor group, i.e. F = {1}. Note, however, that for a 7^ 

{a + [3n)*n{a -\- (3n)~^ = (a — (3n)n-^{a — (in) = n, 

so the Lipschitz group in this case is 

f = 0^ ^F. 

This shows that the assumption on nondegeneracy was necessary in the discus- 
sion about the Lipschitz group in Section [6.31 



Ni{a + lii) = (a - lii)(a + jii) ^ + fi^ e M+, 



Pin(0, 1) 
SpinW(0,l) 



g\{0}?^C^ 

{1, -i} ^ Z4, 

{1,-1} ^Z2. 



g(MO'O'i) = SpanR{l,n}G^/\*M\ 
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6.6.4 The euclidean plane 

Let {ei, 62} be an orthonormal basis of and consider the plane algebra 

C?(R^) = SpanR{l, ei, 62, / = £162}. 

We recall that the even subalgebra is C/+(M^) = Cy(K'^'^) = C and that the rotor 
group corresponds to the group of unit complex numbers, 

SpinW(2,0) = e"^ = U(l). 

Furthermore, 

e^(ei) = e^^eie"^^ = eie"^'^'^ = ei(cos2(^ - /sin2v3) = cos2^ei - sa\2(pe2, 

so a rotor on the form ±e~^^ represents a counter-clockwiseP^ rotation in the 
plane by an angle Lp. The Pin group is found by picking any unit vector e £ S"^: 

Pin(2,0) = e«^ □ e«^e - {/(I) □ S\ 

i.e. two copies of a unit circle, where we write |J to emphasize a disjoint union. 
An element ibe^^^e G S*^ of the second circle corresponds to a reflection along 
e (which here serves as a reference axis) followed by a rotation by Lp in the plane. 

Let us next determine the full multiplicative group of the plane algebra. For 
algebras over two-dimensional spaces we use the original norm function 

N2{x) := x°x 

since it satisfies iV2(a:;)° = N2{x) for all x € G- The properties of the involutions 
in Table [nH] then require this to be a scalar, so we have a map 

N2:g ^g" = M.. 

For an arbitrary element x — a + aiei + 0262 + f3I £ G, we explicitly find 
N2{x) = {a - fliei - 0262 - f3I){a + aiCi + 0262 + l3I) 

Furthermore, ^2(2;°) = N2{x) and N2{xy) = y°N2{x)y = N2{x)N2{y) for aU 
x^y G Q. Proceeding as in the one-dimensional case, we find that x has an 
inverse x~^ = N2{x) ^'^'^ ^^^^ ^2(2^) 7^ 0, i.e. 

gx(M2) ^ {xeg ■.N2{x)^Q] 

= {a + fliei + 0362 + /?/ e 5 : + /^^ ^ + a|}. 

6.6.5 The anti-euclidean plane 

In the case of the anti-euclidean plane, Q{EP''^) ^ H, the norm function A''2 has 
similar properties as in the euclidean algebra, except that it now once again 
represents the square of an actual norm, namely the quaternion norm, 

N2{x) = +al+al+0^. 

Just as for the complex numbers then, all nonzero elements are invertible, 

^{x^G: N2{x) ^ 0} - g \ {0}. 

The even subalgebra is also in this case isomorphic to the complex numbers, 
and the Pin, Spin and rotor groups are analogous to the euclidean case. 

Assuming, of course, that ei points at 3 o'clock and 62 at 12 o'clock. 
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Figure 6.1: A Lorentz-boosted vector i?(eo), where R = ±e"^/^ and a > 0. 
6.6.6 The lorentzian plane 

With the standard basis {eo, ei} of R^'^, the two-dimensional lorentzian algebra 
is given by 

^(Ri'i) = Span,j{l, Co, ei, / = eieo}, 

where cq is interpreted as a time direction in physical applications, while ei 
defines a spatial direction. In general, a vector (or blade) v is called timelike if 

> 0, spacelike if < 0, and lightlike or null if = 0. 

The multiplicative group is like previously given by 

gx(R2) ^ {x e g : N2{x) ^ 0} 

= {a + aoeo + a-ye-y + pi e G : a"^ - al + aj - ^ 0}. 

However, the pseudoscalaiF^ / = ciBq squares to the identity in this case and 
the even subalgebra is therefore t^+(R^'^) = ^(M^). This has as an important 
consequence that the rotor group is fundamentally different from the (anti-) 
euclidean case, 

Spin+(1,1) = {i? = a + /3/e a+ : - = 1} = ±e*^ 

(recall Exercise l6.81 or Theorem l6.13p . Thus, the set of rotors can be understood 
as a pair of disjoint hyperbolas passing through the points 1 and -1, respectively. 
The rotations that are represented by rotors of this form are called Lorentz 
boosts. Note the hyperbolic nature of these rotations, 

e°''eoe~"' = eoe"^"-^ = eo(cosh2a - /sinh2a) 

— cosh 2q! eo + sinh 2q! ei, 
e"^eie~"^ — cosh 2q! ei + sinh 2q! gq. 

Hence, a rotor ite^^^ transforms, or boosts, timelike vectors by a hyperbolic angle 
a in the positive spacelike direction (see Figure EH]). 

The Spin group consists of four hyperbolas and the Pin group of eight, 

Spin(l, 1) = ±eK^ U ±e"/, 

Pin(l, 1) - ±e«^ U ±e"eo U ±e"ei U ±e«^/, 

^^The choice of orientation of I here corresponds to the fact that space-time diagrams are 
conventionally drawn with the time axis vertical. 
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Note that the action of the rotor / = eieo in the second pair of components of 
the Spin group is a reflection both in the time and the space direction; 

L{x) = Ixr^ =x* = {- id)A(x), xeg. 

Hence, it preserves the total orientation of the space, but it cannot be smoothly 
transformed into to an identity transformation because of the hyperbohc nature 
of the space, or intuitively, because spacehke and timelike vectors cannot be 
boosted across the light-cone (reflecting the physical interpretation that nothing 
can travel faster than light). The two additional pairs of components of the Pin 
group correspond to a reflection in the time resp. space direction, followed by 
a boost. 

6.6.7 The space algebra 

We write an arbitrary element x G ^(M'^) of the space algebra as 

x = a + a + bl + l31, (6.15) 

where a, /3 G R and a, 6 G K'^. The norm function N2 does not take values in R in 
this algebra, but due to the properties of the Clifford conjugate we have N2{x) = 
N2{x)° G Q° ® G^- This subalgebra is isomorphic to C, and its corresponding 
complex conjugate is given by [a;]3 (or [x]). Using these properties, we can 
construct a real-valued map N3 : Q R+ by taking the complex modulus, 

Nsix) [N2{x)]3N2{x) = [x°x]x°x. (6.16) 

Plugging in ()6.15p we obtain 

N2{x) ^ - - + 2{a(3 - a * b)I, 

and 

Nsix) = {a^ -a^+b^ - (3^ + A{af3 ~ a * bf. (6.17) 

Although N3 takes values in R+ , it is not a nornF^ on Q since there are nonzero 
elements with N3{x) = 0. It docs however have the multiplicative property 

Naixy) - [N2{xy)hN2ixy) = [N2{x)UN2{y)]3N2{x)N2{y) 

= N3{x)N3{y), (6.18) 

for all x^y ^ Q, since N2{x) commutes with all of Q, and 

N2{xy) = ixy)°xy = y°N2{x)y = N2{x)N2{y). 

We also observe from (I6.17|) that N^lx^) = N-i{x). The expression (I6.16P singles 
out the invertible elements as those elements (j6.15p for which N^lx) 7^ 0, i.e. 

a^(R^) = {xGg : (a'-a'+62-/3')2+4(a/3-a*b)V0}, 
and x~^ — j;^^j^[x° x]x° . 

-'-^Actually, it is not possible to find a norm ] • | on C7(R'''*), s + t > 3, satisfying \xy\ = \x\\y\, 
as will be clear from Theorem 18. 51 and the remark following it. 
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The rotor group of the space algebra is, according to the isomorphism 
C/+(E^''') = EI and Proposition 16.151 the group of unit quaternions (note that 
the reverse here acts as the quaternion conjugate), 

Spin(+)(3,0) = {a + b/eg+ :a2 + b2^1} = e^'(»'). (6.19) 

The exponentiation of the bivector algebra in the second identity followed from 
Theorem 16.131 An arbitrary rotor R can according to (|6.19p be written in the 
polar form R — e*^"^, where n S S*^ is a unit vector, and represents (cp. e.g. 
()1.2p - (11.3p ) a rotation by an angle —2tf in the plane nl = —n^, i.e. 2ip clockwise 
around the axis n. 

The Pin group consists of two copies of the rotor group, 

Pin(3,0) = ee'(«') □ ee'(«')n, 

for any unit vector n E . The Pin group can be understood topologically as a 
pair of unit 3-spheres lying in the even and odd subspaces, respectively. The 
odd one includes a reflection and corresponds to the non-orientation-preserving 
part of 0(3). 

By the isomorphism p in Example 15. 21 we can also represent the spatial rotor 
group in terms of the complex matrices 

a + brii bo + 
p{R)^ ■ 
-62 + bii a - b^i 

We find that the hermitian conjugate of such a matrix is p{RY ~ p{R)~^ and 
detc p{R) = 1, and that these form the special unitary group of C^, i.e. 

Spin(+)(3,0) ^ SU(2). 

This is the representation of the spatial rotor group which is most often encoun- 
tered in physics. 

Exercise 6.14. Show that if x e ^/^IR^) © is noninvertible, then it is 

on the form 

X = ae{l + /), 
where a G M and e, f E are orthogonal unit vectors. 

6.6.8 The spacetime algebra 

As a four-dimensional example we consider the spacetime algebra (STA), which 
is the geometric algebra of Minkowski spacetime, M.^'^. By conventiorP^. we 
denote an orthonormal basis of the Minkowski space by {70,71,72,73}, where 
7o is timelike and the other 7^ are spacelike. The STA expressed in this basis is 

g(Mi'3) ^ 

Spanjj{l, 70,71,72,73, 61,62,63,611,62/, 63/, 70/, 71^, 72/, 73/, I}, 

^^This choice of notation is motivated by the Dirac representation of the STA in terms of 
so called gamma matrices which is conventionally used by physicists. 
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where the pseudoscalar is / := 70717273 and we set :— 7^70, i = 1,2,3. 
The form of the STA basis chosen above emphasizes the duahty which exists 
between the graded subspaces. It also hints that the even subalgebra of the STA 
is the space algebra. This is actually the case since there is an isomorphism 
^+(M^''^) = C/(M^'°), but we can also verify this explicitly by noting that ef = 1 
and EiBj = —ejBi, i ^ j, as well as 616263 = I. Hence, the timelike (positive 
square) blades {6i} form a basis of a 3-dimensional euclidean space called the 
relative space to 79. Given any timelike vector a we can find a similar relative 
space spanned by the bivectors {b A a} for b G M}'^. These spaces all generate 
the relative space algebra , and only the precise split between the vector and 
bivector part of this relative algebra depends on the chosen reference vector a. 

Using boldface to denote relative space elements, an arbitrary multivector 
X & Q can be written 

x^a + a + a + bl + bl + fil, (6.20) 

where a, (3 G M, a, 6 £ K^'^^ and a, b in relative space M'^. As in previous 
examples, we would like to find the invertible elements. Looking at the norm 
function N2: Q Q'^®Q'^®Q'^^ it is not obvious that we can extend this to a real- 
valued function on Q. Fortunately, we have ioi X — a + bl -\- (31 € ® ® Q'^ 
that 

X[X]3,4 = [X]y,^iX = {a-bl - I31){a + bl + (31) = - 5^ + £ M. (6.21) 

Hence, we can define a map N4: Q ^ Rhy 

mix) := [iV2(^)]3,4A^2(a;) = [x°x]x°x. (6.22) 

Plugging in (|6.20p into A^2, we obtain after some simplifications 

N2ix) ^ -a^ + + b'^ ~ P"^ 

+ 2{ab -Pa-a^b + b^a-a^a^-b^ b")! (6.23) 
+ 2(a/3 - a*b~ a*b)I 

and hence, by (|6.2ip . 

Niix) - (a2 + b^ + b^ - P^f 

- A{ab ~f3a-a^b + b^a~a^a''~bi- b^f (6.24) 
+ 4(a/? - a*b- a* b)^. 

We will prove some rather non-trivial statements about this norm function where 
we need that [xy]x = x[yx] for all x,y £ Q. This is a quite general property of 
this involution. 

Lemma 6.16. In any Clifford algebra Cl{X, R, r) (even when X is infinite), we 
have 

[xy]x = x[yx] Vx,?/ £ CI. 
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Proof. By linearity, we can take y = A E J'(^) and expand x in coordinates 
xb ^ R &s X — J^BeVix) ^bB. We obtain 

x[Ax] = 'Eb.c^bxc B[AC] 

= J2b,c^bxc {{AAC = 0) - {AAC ^ 0)) BAC 
= Eb,c^bxc {{A ^C)-{A^ C)) BAC 
= Y.B xbxa baa - J2c^A J2b xbxc BAC 



and 



[xA]x ^ Eb,c^bxc [BA]C 

= Eb,c^bxc {{B = A)-{B^ A)) BAC 

= Y^c^AXc AAC -Y.b^aY.c^bxc BAC 

= x\ AAA + Y.c^A ^Axc AAC - Y.b^a xbxaBAA 

aab 

- J2b^a J2c^a xbxc BAC 
= x\ AAA - B^A Y.c^A XBXC BAC 
= x[Ax\. 



□ 



We now have the following 

Lemma 6.17. Ni{x°) = Ni{x) for all x e ^(Mi'^). 

(Note that this identity is not at all obvious from the expression (|6.24p .) 

Proof. Using Lemma 16.161 we have that 

Ni{x°) = [xx°]xx° = x[x°x]x°. 
Since A'4 takes values in M, this must be a scalar, so that 

Ni{x°) = {x[x°x]x°)o = {[x°x\x°x)o = (A^4(a;))o = ^^4(2;), 
where we used the symmetry of the scalar product. □ 
Lemma 6.18. For all X,Y eQ^ we have 

[XY] = [Y][X]. 

Proof. Take arbitrary elements X = a + bl + f3I and Y ^ a' + b'I + f3'I. Then 

[XY] = [{a + bl + I31){a' + b' I + /?'/)] 

= aa' - ab'I - af3'I - bla' + b * b' - b Ab' + bP' - pia' - Pb' - P(3' 

and 

[Y] [X] = (a' - b'l - I3'l){a - bl ^ (31) 

= a' a - a'bl - a' (31 - b'la + b' *b + b' Ab -b' P ~ /37a + P'b ~ /3'/3. 

Comparing these expressions we find that they are equal. □ 
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We can now prove that N4 actually acts as a determinant on the STA. 

Theorem 6.19. The norm function N4 satisfies the product property 

Niixy) ^ Ni{x)Niiy) Vx^y e g{R'-''). 

Proof. Usmg that Ni{xy) is a scalar, and that N2 takes values in (BG'^ ® G^, 
we obtain 

Ni{xy) = {[{xy)°xy]{xy)°xy)() = {[y°x°xy]y°x°xy)Q 
= {x°xy[y°x°xy]y°)o = {x° x[yy° x° x\yy°) q 
= {N2{x)[N2{y°)N2{x)]N2{y°))o 
= {N2{x)[N2{x)][N2{y°)]N2{y°)), 
= {Ni{x)Ni{y°))o = Ni{x)Ni{y°), 

where we applied Lenima [6.16l and then Lemma 16.181 Finally, Lemma |6 . 1 71 gives 
the claimed identity. □ 

From (|6.22p we find that the multiplicative group of the STA is given by 

G"" {M}^^) = {x e G : Ni{x) ^ 0} 

and the inverse oi x ^ G^ is 

x-^ = -^[x°x]x°. 

Note that the above theorems regarding A^4 only rely on the commutation prop- 
erties of the different graded subspaces and not on the actual signature and field 
of the vector space. 

Let us now turn our attention to the rotor group of the STA. The reverse 
equals the Clifford conjugate on the even subalgebra (it also corresponds to the 
Clifford conjugate defined on the relative space), so we find from (|6.23l) that the 
rotor group is 

Spin+(1, S) = {xeG+ ■■ N2{x) = x°x = 1} 

= {a + a + bl + l3I e G^ ■ - a? + - 0^ ^ 1 and a/3 = a * 6} 
= ±ee=(R^'^) ^SL(2,C). 

The last isomorphism is related to the Dirac representation of the STA, while 
the exponentiation identity was obtained from Theorem 16 . 131 and gives a better 
picture of what the rotor group looks like. Namely, any rotor R can be written 
R = ±6°'"'"''^ for some relative vectors a, 6, or by Theorem 16. 141 either 

R = e"'=e'^'=^ 

where a, e K and e = /o A /i is a timelike unit blade, or 

R = ±e"^^^ = ±e"'=(i+^) = ±1 ± ae{l + /), 

with a null vector n and anticommuting timelike unit blades e, / (cp. Exercise 
I6.14P . A simple rotor of the form e^^ corresponds to a rotation in the spacelike 
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plane with angle 2|6| (which is a rotation also in relative space), while e" 
corresponds to a hyperbolic rotation in the timelike plane a, i.e. a boost in the 
relative space direction a with hyperbolic angle 2\a\. 

Picking a timelike and a spacelike unit reference vector, e.g. 70 and 71, we 
obtain the Spin and Pin groups, 

Spin(l,3) = ±e«?'(«''') U ±e^'(«''')7o7i, 

Pin(l,3) = ±ee'(«''') U ±e^"<-^"-'ho U ±e^"(''"'"hi U ±e^'(^'''Wo7i, 

The Pin group forms a double-cover of the so called Lorentz group 0(1,3). 
Since the STA rotor group is connected, we find that 0(1,3) has four connected 
components. Two of these are not in Spin and correspond to a single inversion 
of time resp. space. The Spin group covers the subgroup of proper Lorentz 
transformations preserving the total orientation, while the rotor group covers the 
connected, proper orthochronous Lorentz group S0+(l,3), which also preserves 
the direction of time. The physical interpretations of the spacetime algebra will 
be further discussed in Section [TTl 



6.6.9 *The Dirac algebra 

Due to historic reasons, the Dirac algebra Q{C^) = Cy(R^'i) is actually the 
representation of the STA which is most commonly used in physical applications. 
The relation between these algebras is observed by noting that the pseudoscalar 
in Q{M*'^) commutes with all elements and squares to minus the identity. By 
Proposition 15.31 we have that the Dirac algebra is the complexification of the 
STA, 

^(K^'i) = g{R^'^) ® C ^ ^(C^) ^ 

We construct this isomorphism explicitly by taking bases {70, 71, 72, 73} of M.^'^ 
as above, and {eo, . . . , 64} of K^'^ such that Cq = —1 and the other e| — 1. We 
write C/5 :— Q{M.'^'^) and := Q^R^'^) (g) C, and use the convention that Greek 
indices run from to 3. The isomorphism F : Q5 ^ is given by the following 
1-to-l correspondence of basis elements: 

: 1(^1 7^ «) 1 7^ A 7^ (g) 1 7^ A 7^ A 7A (g) 1 /4 (g 1 1 i 

G5 ■ 1 6^64 -e^ Ae^ -Bf^ Ae,y Ae\e4 60616263 I5 

x° ing^ : + - - + + + 

[x]mg^ : + - - - - + 

xing"^ : + + + + + 



The respective pseudoscalars are I4 := 70717273 and I5 :— 6061626364. We 
have also noted the correspondence between involutions in the different alge- 
bras. Clifford conjugate in t/J corresponds to reversion in ^5, the [ ■ ]-involution 
becomes the [ ■ ]i_2,3,4-involution, while complex conjugation in g^ corresponds 
to grade involution in ^^5. In other words, 

F(xt)=F(x)°, F{[xK,.s,,) = [Fix)], F{x*)^F{^). 

We can use the correspondence above to find a norm function on g^. Since 
N4 : g{M}'^) — » R is actually independent of the choice of field, we have that the 
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complexification of N4 satisfies 

A^f : a(C4) ^ C, 

Taking the modulus of this complex number, we arrive at a real-valued map 

N^ix) := N^{F{x))N^{Fix)) 

= [F{x)°F{x)]F{x)°F{x) [F{x)°F{x)]F{x)°F{x) 
= [[x'^x]i^2.,3Ax'^x] ^ [x'^x] 1,2,3,4a;''' a; 
= [[x'''x]i.4x'''a;] [a;'''.x]i.4a;'''x. 

In the final steps we noted that x'^x € 0° ® Q'^ ® G'^ ® and that C C Gf 
corresponds to G'^ ® G^ Gb- Furthermore, since N^ixy) = N^{x)N^{y), we 
have 

N^ixy) = N^{F{x)F{y)) N2{F{x)F{y)) 

= N^{F{x)) N^{F{y)) iVf (f (x)) N2{F{y)) 

= N5{x)N5{y) 

for all x, y € 5. The invertible elements of the Dirac algebra are then as usual 

G''{M.'''^) = {xGG:N5{x)^0} 
and the inverse of a; € is 

X~^ = „^ , . [[x^Ccli 4X^x1 [x^xli 4X'''. 

^5 (a;)'- ' ' 

The above strategy could also have been used to obtain the expected result for 
N3 on = ^(C^) (with a corresponding isomorphism F): 

Nsix) :=N^{F{x))N^{F{x)) = [x°x]x°x. 

6.7 *Norm functions and factorization identities 

The norm functions 



iVo(x) 


:= X, 


Ni{x) 




N2{x) 


— x°x. 


Nsix) 


= [x^xjx'-'x. 


Niix) 


= [x°x]x°x. 


N5{X) 


= [[x'''x]l,4X 



constructed above (where we added A^o for completeness) all satisfy 

Nk:G{V)^¥, 
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where dim V — k, and the product property 



Nk{xy) ^ Nk{x)Nk{y) (6.25) 

for all x,y d GiV). Furthermore, because these functions only involve products 
and involutions, and the proofs of the above identities only rely on commutation 
properties in the respective algebras, they even hold for arbitrary Clifford alge- 
bras Cl{X, R, r) with \X\ = k = 0,1, . . . ,5, respectively, and the corresponding 
groups of invertible elements are 

Cl''{X,R,r) ^{x eCl: Nk{x) e R invertible}. 

For matrix algebras, a similar product property is satisfied by the determi- 
nant. On the other hand, we have the following theorem for matrices. 

Theorem 6.20. Assume that d: R"^" ^ M is continuous and satisfies 

d{AB) = d{A)d{B) (6.26) 

for all A,B e M"''". Then d must he either 0, 1, | det |" or (sign o det)| det |" 
for some a > 0. 

In other words, we must have that d — di o det, where di : R ^ M is continuous 
and satisfies di(A/x) = di{X)di{^). This di is uniquely determined e.g. by 
whether d takes negative values, together with the value of d{X id) for any A > 1. 
This means that the determinant is the unique real-valued function on real 
matrices with the product property (|6.26p . A proof of this theorem can be 
found in the appendix (Theorem IA.6p . 

Now, looking at Table O we see that ^(M''''') = R'^" '"'^'' for fc = 0, 1, 2, . . . 
From the above theorem we then know that there are wnigw continuous func- 
tions N2k--giR''''') K such that N2kixy) = N2k{x)N2kiy) and 7V2fc(A) = A^'. 
These are given by the determinant on the corresponding matrix algebra, and 
the corresponding multiplicative group G^ is the general linear group GL(2'^, M). 

Example 6.3. The product property (|6.25|) of the norm functions leads to 
interesting factorization identities on rings. An example is N2 for anti-euclidean 
signatures (quaternions), 

{xl + xl + xl + xl){yl + y2+yl + yf) 
= {xiyi - X2y2 - xsys - Xiy^Y + (2^12/2 + X2yi + xsy^ - Xiy^Y (6.27) 
+ {xiys - X2yi + xsyi + Xiy2Y + {xiVi + X2y3 - a;32/2 + x^yi)'^, 

which holds for all Xj ,yk £ -R and is called the Lagrange identity. These types 
of identities can be used to prove theorems in number theory. Using (j6.27p . one 
can for example prove that every integer can be written as a sum of four squares 
of integers. Or, in other words, that every integer is the norm (squared) of an 
integral quaternion. See e.g. for a proof. 



Actually, the functions are either det or |det|. N2 and N4, constructed previously are 
smooth, however, so they must be equal to det. 
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7 Euclidean and conformal geometry 

7.1 Linearization of the Euclidean group 

The euclidean group E+ on M" consists of all orientation-preserving isometries, 
i.e. maps / : R" ^ M" such that \f{x) - f{y)\ = \x - y\ for ah x,y G M". An 
element of E+ can be shown to be a composition of rotations (orthogonal maps 
with determinant 1) and translations. As we have seen, rotations R G SO(n) 
can be represented by rotors R G Spin(n) through 

M" 9 a; R{x) = R*xR-^ = RxR^ € K", 

while translations are of the form 

W B X ^Ta{x) = x + aeW, aeM". 

The euclidean group is sometimes slightly cumbersome to work with due to the 
fact that it not composed exclusively of linear transformations. We will therefore 
embed M" in a different geometric algebra where the euclidean isometries are 
transformed into linear maps. 

Let {ei . . . , e„} be an orthonormal basis of M" and introduce a new symbol e 
such that {ei . . . , e„, e} is an orthonormal basis of M"'°'^, where = 0. Define 
a map 

X I— > 1 + ex 

and let W denote the image of the map p. We extend a rotation i? to T4^ as 

R{1 + ex) = R{1 + ex)R^ ^ RR^ + RexR^ = 1 + eRxR'' = 1 + eR{x), 

and hence have R:W^W and Ro p = po Ron R". 

Let us now consider the translation map Ta{x) = x + a. For this we first 
introduce 

A = e-5«" = 1 - -ea 
2 

and a slightly modified version of the grade involution x ^ x* hy demanding 
that e* — e, while as usual e* = — e^, for i = 1, . . . , n. We then obtain 

A* = l-l-ea and A'' = 1 - l-ea = A~'^ . 
2 2 

Hence, 

A{p{x)) = A*{l + ex)A-^ = il + ^ea)il + ex){l + ^ea) 

1 1 . 1 1 

= (1 + ex + —ea){l + -^p-o,) = 1 + -^^io. + ex + —ea 

= 1 + e{x + a) = p{x + a) = p{Ta{x)), 

i.e. Aop = poTaOnW^. 

This means that an isometry S = o ^ : M" — > M" has the rotor represen- 
tation AR = AoR:W ^W, with AR = e-i'^'e-i^ e g^(R"'0'i). Also note 
that an arbitrary point x = Tx{0) € M" has the representation 

p(x) = eli!^(p(0)) = (e-5«^)n(e-5«")t = 
in W C e;x(R".0'i). 
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Exercise 7.1. Repeat the above construction, but replacing tlie null vector e 
by a null 2-blade in R^'^,E^'^, or R"'^. Explain what simplifications can be 
made and show that the construction extends to the full euclidean group E„ 
(not necessarily orientation-preserving). 

7.2 Conformal algebra 

For now, we refer to Chapter 10 in [llj . For an application of the conformal 
algebra to so-called twistors, see [3] . 
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8 Representation theory 



In this section we will use the classification of geometric algebras as matrix alge- 
bras, which was developed in Section[51 to work out the representation theory of 
these algebras. Since one can find representations of geometric algebras in many 
areas of mathematics and physics, this leads to a number of interesting appli- 
cations. In this section we will consider two main examples in detail, namely 
normed division algebras and vector fields on higher-dimensional spheres. An- 
other important application of the representation theory for geometric algebras 
is to spinor spaces, which will be treated in Section [H] 

Definition 8.1. For K = M, C or H, we define a ^-representation of G{y, q) as 
an R-algebra homomorphism 

p:g{V,q) ^EndKiW), 

where is a finite-dimensional vector space over K. W is called a g{V,q)- 
module over K. 

Note that a vector space over C or EI can be considered as a real vector space 
together with operators J or /, J, K in EndR(iy) that anticommute and square 
to minus the identity. In the definition above we assume that these operators 
commute with p{x) for all x Cz G, so that p can be said to respect the K-structure 
of the space W. When talking about the dimension of the module W we will 
always refer to its dimension as a real vector space. 

The standard strategy when studying representation theory is to look for 
irreducible representations. 

Definition 8.2. A representation p is called reducible if W can be written as 
a direct sum of proper (not equal to or W) invariant subspaces, i.e. 

W = Wi(BW2 and p{x){Wj) CWj VxeQ. 

In this case we can write p = pi ©P2, where Pj{x) :— p{x)\wj ■ A representation 
is called irreducible if it is not reducible. 

Remark. The traditional definition of an irreducible representation is that it 
does not have any proper invariant subspaces (the above notion is then called 
indecomposable) . However, because Q is generated by a finite group (the Clifford 
group) one can verify that these two definitions are equivalent in this case (see 
Exercise 18. 1|) . 

Proposition 8.1. Every ^^-representation p of a geometric algebra g{V,q) can 
be split up into a direct sum p — pi® ■ ■ ■ ® Pm of irreducible representations. 

Proof. This follows directly from the definitions and the fact that W is finite- 
dimensional. □ 

Definition 8.3. Two K-representations py. Q{V,q) EndK(Wj), j = 1,2, are 
said to be equivalent if there exists a K-linear isomorphism F : W\ W2 such 
that 

F o pi{x) o F-^ ^ P2ix) yxeg. 
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Theorem 8.2. Up to equivalence, the only irreducible representations of the 
matrix algebras K"^" and K"^" © K"^" are 

p: K"^" ^ EndK(K") 

and 

pi^2 ■■ K"""" ® K"^" ^ EndK(]K") 

respectively, where p is the defining representation ( ordinary matrix multiplica- 
tion) and 

pi{x,y) := p{x), 
P2{x,y) := p{y). 

This follows from the classical fact that the algebras K"^" are simple (i.e. have 
no proper two-sided ideals) and that simple algebras have only one irreducible 
representation up to equivalence. See e.g. 24] for details. 

Theorem 8.3. From the above, together with the classification of real geometric 
algebras, follows the table of representations in Table [KT\ where Vs_t is the num- 
ber of inequivalent irreducible representations and dg.t is the (real) dimension 
of an irreducible representation for QiMf'^). The cases for n > 8 are obtained 
using the periodicity 

Vrn+ik — 

k (^-^^ 
drn+Sk — 16 dra- 



n 


g(R"'") 




dn,0 




'^0,n 


do,n 





M 


1 


1 


R 


1 


1 


1 




2 


1 


C 


1 


2 


2 


K2X2 


1 


2 


H 


1 


4 


3 


^2X2 


1 


4 


H® H 


2 


4 


4 


JJ2X2 


1 


8 


JJ2X2 


1 


8 


5 


Ifj2x2 ^Jfj2x2 


2 


8 


£.4x4 


1 


8 


6 


Ifj4x4 


1 


16 




1 


8 


7 


^8X8 


1 


16 


j(g8x8gg 1^8X8 


2 


8 


8 


JJ16X16 


1 


16 


]gl6xl6 


1 


16 



Table 8.1: Number and dimension of irreducible representations of euclidean 
and anti-euclidean geometric algebras. 

Note that the cases when there are two inequivalent irreducible representations 
of f/(R*'*) correspond exactly to the cases when the pseudoscalar / is central 
and squares to one. Furthermore, the two representations p± are characterized 
by their value on the pseudoscalar, 

p±(/) = ±id. 

It is clear that these two representations are inequivalent, since if F: W\ Wi 
is an isomorphism, and p(F) = cridvKi, then also F o o F~^ = aidw2- 

As one could expect, the corresponding representation theory over the com- 
plex field is simpler: 
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Theorem 8.4. Let f„ denote the number of inequivalent irreducible complex 
representations o/5(C"), and let d'^ denote the complex dimension of such a 
representation. Then, if n = 2k is even, 

= 1 and d^ = 2*^, 

while if n = 2k+ 1 is odd, 

1/^ = 2 and dl = 2^. 

The inequivalent representations in the odd case arc characterized by their value 
on the complex volume element Ic := i^I, which in that case is central, and 
always squares to one. 

We will now consider the situation when the representation space W is en- 
dowed with an inner product. Note that if is a vector space over K with an 
inner product, then we can always find a ^-invariant inner product on W ^ i.e. 
such that the operators J or I,J,K are orthogonal. Namely, let {■,■)«. be an 
inner product on W and put 

{x,y)c:= (ra^'ry)R, (x,j/)h:= ^ {rx,ry)u. (8.2) 

re{id,j} re{id,i,j,K} 

Then {Jx,Jy)K = {x,y)K and {Jx,y)K = -{x,Jy)K, etc. 

In the same way, when V is cuclidean or anti-euclidean, wc can for a given 
representation p : G{V) — > EndK(M^) find an inner product such that p acts 
orthogonally with unit vectors, i.e. such that {p{e)x, p{e)y) = {x,y) for all 
x,y £ W and e £ V with = ±1. We construct such an inner product by 
averaging a, possibly K-invariant, inner product (•, ■)k over the Clifi^ord group. 
Also for general signatures, take an orthonormal basis E oiV and put 

{x,y) := (p(r)x,p(r)y)K. (8.3) 

We then have that 

{p{et)x,p{e^)y) = {x,y) (8.4) 
for all Ci G E, and if =/= Cj in E have the same signature, 

{p{e^)x,p{ej)y) = {p{e^)p{e^)x, p{e^)p{ej)y) = ±{x, p{ei)p{ej)y} 
= T{x,p{ej)p{ei)y) = T{p{ej)x, p{ej)p{ej)p{ei)y) 
= -{p{e])x,p{ei)y). 

Thus, in the (anti-)cuclidcan case, if e = OiCi and a| = 1, we obtain 
{p{e)x,p{e)y) = Y'^i'^jiPi^^i)^^ Pi^i)y) = i^yV)- 

Hence, this inner product has the desired property. Also note that, foTc v gV = 
M"'°, we have 

{p{v)x,y) = {x,p{v)y), (8.5) 

while for V = ]R°'", 

{p{v)x,y) = -{x,p{v)y), (8.6) 

i.e. p{v) is symmetric for euclidean spaces and antisymmetric for anti-euclidean 
spaces. 
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Exercise 8.1. Prove that a representation p of ^ is irreducible (according to 
Definition 18. 2p if and only if it does not have any proper invariant subspaces. 
Hint: You may assume that the representation space has an invariant inner 
product. 

8.1 Examples 

We are now ready for some examples which illustrate how representations of 
geometric algebras can appear in various contexts and how their representation 
theory can be used to prove important theorems. 

8.1.1 Normed division algebras 

Our first example concerns the possible dimensions of normed division algebras. 
A normed division algebra is an algebra A over K (not necessarily associative) 
with unit and a norm | • | such that 

\xy\ = \x\\y\ (8.7) 

for all x,y £ A and such that every nonzero element is invertible. We will prove 
the following 

Theorem 8.5 (Hurwitz' Theorem). If A is a finite- dimensional normed divi- 
sion algebra over R, then its dimension is either 1, 2, 4 or 8. 

Remark. This corresponds uniquely to R, C, H, and the octonions O, respec- 
tively. The proof of uniqueness requires some additional steps, see e.g. [5]. 

Let us first consider what restrictions that the requirement (|8.7p puts on 
the norm. Assume that A has dimension n. For every a G „4 we have a linear 
transformation 

La • A ^ Aj 

X i-^ ax 

given by left multiplication by a. When |a| = 1 we then have 

\Lax\ = \ax\ = |a||2;| = \xl (8.8) 

i.e. La preserves the norm. Hence, it maps the unit sphere S :— {x £ A : \x\ — 
1} in A into itself. Furthermore, since every element in A is invertible, we can 
for each pair x,y £ S find an a € 5 such that LaX = ax = y. Now, these facts 
imply a large amount of symmetry of S. In fact, we have the following 

Lemma 8.6. Assume that V is a finite- dimensional normed vector space. Let 
Sv denote the unit sphere in V . If, for every x,y £ Sy , there exists an operator 
L G End(y) such that L{Sv) ^ Sy and L{x) = y, then V must be an inner 
product space. 

*Proof. We will need the following fact: Every compact subgroup G of GL(n) 
preserves some inner product on R". This can be shown by picking a Haar- 
measure /i on G and averaging any inner product (•, •) on M" over G using this 
measure, (analogous to ()8.2p . (|8.3p where the group is finite) 

{x,y)G-^ I {gx,gy) d^i{g). (8.9) 

JG 



88 



Now, let G be the group of linear transformations on V = K" which preserve 
its norm | • |. G is compact in the finite-dimensional operator norm topology, 
since G — {~\^^vi^ ^ End(M") : \Lx\ = |a:|} is closed and bounded by f. 
Furthermore, L G G is injective and therefore an isomorphism. The group 
structure is obvious. Hence, G is a compact subgroup of GL(rt). 

From the above we know that there exists an inner product (•, •) on ]R" which 
is preserved by G. Let | ■ |o denote the norm associated to this inner product, i.e. 

= {x, x). Take a point a; e M" with |a;| = 1 and rescale the inner product so 
that also \x\o = 1. Let S and So denote the unit spheres associated to | ■ | and 
I • |o, respectively. By the conditions in the lemma, there is for every y G S" an 
L G G such that L{x) = y. But G also preserves the norm | ■ |o, so y must also 
lie in So- Hence, 5 is a subset of So- However, being unit spheres associated to 
norms, S and 6*0 are both homeomorphic to the standard sphere 5""^^, so we 
must have that they are equal. Therefore, the norms must be equal. □ 

We now know that our normed division algebra A has some inner product 
(•,•) such that {x,x) = We call an element a G A imaginary if a is 

orthogonal to the unit element, i.e. if (a, 1^) = 0. Let Im A denote the (n — 1)- 
dimensional subspace of imaginary elements. We will observe that Im A acts 
on ^ in a special way. 

Take a curve 7 : (— e, e) — > S on the unit sphere such that 7(0) = 1^ and 
7'(0) = a G Im A- (Note that Im A is the tangent space to S at the unit 
element.) Then, because the product in A is continuous, yx,y £ A 

= lim j^{'y{h) — 7(0))x = 7'(0)a; = ax = LaX 

and 

= (^lt=0^7(t)^'^7(0)y> + (^7(0)2^: ^L=o-^7(t)2/) 

= {LaX,y) + {x,Lay)- 

Hence, L* = —La for a G Im A- If, in addition, \a\ = 1 we have that La G 
0(,4, 1 • p), so La = —LaL*a = — id. For an arbitrary imaginary element a we 
obtain by rescaling 

Ll = -\a\'iA. (8.10) 

This motivates us to consider the geometric algebra 5(Im A^q) with quadratic 
form q{a) :~ — By (|8.10p and the universal property of geometric algebras 
(Proposition 12. ip we find that L extends to a representation of Q (Im A, q) on 
A, 

L:g{lmA,q)'^End{A), (8.11) 

i.e. a representation of tJ(M'^'"^^) on M". The representation theory then de- 
mands that n is a multiple of c?o.n-i- By studying Table IStI and taking period- 
icity (|8.ip into account we find that this is only possible for n = 1, 2, 4, 8. □ 

Remark- Not only R, C, and H, but also the octonion algebra O can be con- 
structed explicitly in terms of Clifford algebras, however, one cannot use simply 
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the geometric product in this case since the octonion product is non-associative. 
With a choice of octonionic structure, e.g. 

C := 616264 + 626365 + 636466 + 646567 + 656661 + 666762 + 676163 e G^, 

we can identify O := Q'^ (B Q ^(K'^'^), with a niultiphcation given by 

aob := {ab{l - C))o,i, 

or alternatively, O := G^{M.^) with 

aob:= {aesb{l - Ch){l-I))i, 

where := 61 . . . 67, and 63 in this case represents the unit of O. We refer to 
[27| for more on this construction, and to [5] for more on octonions in general. 

8.1.2 Vector fields on spheres 

In our next example we consider the A^-dimensional unit spheres S-^ and use 
representations of geometric algebras to construct vector fields on them. The 
number of such vector fields that can be found gives us information about the 
topological features of these spheres. 

Theorem 8.7 (Radon- Hurwitz). On there exist pointwise linearly in- 
dependent vector fields, where, if we write N uniquely as 

iV + 1 ^ (2t + l)24"+^ i, a G N, be {0, 1, 2, 3}, 

then 

UN = 8a + 2'' - 1. 

For example, 
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Corollary. , and S"^ are parallelizable. 

Remark. The number of vector fields constructed in this way is actually the 
maximum number of possible such fields on . This is a much deeper result 
proven by Adams [5] using algebraic topology. 

Our main observation is that if is a ^/(R"^")-niodule then we can 

construct n pointwise linearly independent vector fields on the unit sphere 

5^ = {a; eK^+i : {x,x) = 1}. 

Namely, suppose we have a representation p of on M^+^. Take an inner 

product (•, •) on K.^+^ such that the action of p is orthogonal and pick any basis 
{61, . . . ,6„} of We can now define a collection of smooth vector fields 

{l/i,...,K} on K^+i by 

Vi{x) -.^ p{ei)x, z = l,...,n. 

According to the observation (|8.6p this action is antisymmetric, so that 

{Vi{x),x) = {p(ei)x,x) = -{x,p{ei)x) = 0. 
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Hence, Vi(x) G T^S^^ for x E 5*^. By restricting to we therefore have 
n tangent vector fields. It remains to show that these are pointwise hnearly 
independent. Take x £ and consider the hnear map 

V ^ ixiv) := p{v)x 

Since the image of is Spanjj{T^(x)} it is sufficient to prove that ix is injective. 
But if ix{v) = p{v)x = for some v G M°'" then also v^x = p{v)^x = 0, so we 
must have w = 0. 

Now, for a fixed N we want to find as many vector fields as possible, so we 
seek the highest n such that ]R^+^ is a C/(M*''")-module. From the representation 
theory we know that this requires that 1 is a multiple of do.n- Furthermore, 
since (io,n is a power of 2 we obtain the maximal such n when + 1 = p2™, 
where p is odd and (io,n = 2™. Using Table [HH] and the periodicity (|8.ip we find 
that if we write + 1 = p2^''+^, with < 6 < 3, then n = 8a + 2'' - 1. This 
proves the theorem. □ 
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9 Spinors 



This section is currently incomplete. We refer to the references below for more 
complete treatments. 

In general, a spinor is an object upon which a rotor R acts by single- 
sided action like left multiplication t-* R'i, instead of two-sided action like 
e.g. ^' Hi'^) = R'^R^- More precisely, a spinor space is a representation 
space for the rotor group, but such that the action does not factor through the 
twisted adjoint action Ad : Spin"*" — > SO"*". The most commonly considered types 
of spinor spaces are spinor modules and irreducible Spin representations, as well 
as ideal spinors, spinor operators, and more generally, mixed-action spinors. 

9.1 Spin representations 

Recall the representation theory of geometric algebras of Section [S] Given 
there is either one or two inequivalent irreducible K-representations 
of real dimension dg^t, where K is either R, C, or H. This can be read off from 
Table 15.11 together with periodicity. We call such an irreducible representation 
space, 

the corresponding spinor modul^^ of C/(R*'*). Furthermore, because the Pin, 
Spin and rotor groups are contained in this will also provide us with a rep- 
resentation space for those groups. 

Proposition 9.1. The representation of the group Pin(s,t), obtained by re- 
stricting an irreducible real representation p : tJ(R*'*) EndR(iSs.t) to Pin C 
is irreducible. Furthermore, whenever there are two inequivalent such represen- 
tations p, their corresponding restrictions to Pin are also inequivalent. 

Proof. The first statement follows from the fact that the standard basis of Q 
is contained in the Pin group. The second follows by recalling the role of the 
pseudoscalar / G Pin in singling out inequivalent irreducible representations. □ 

Definition 9.1. The real spinor representation of the group Spin(s,i) is the 
homomorphism 

A,,t: Spin(s,i) ^ GL(5,,t) 
R ^ p{R) 

given by restricting an irreducible real representation p : Q{W'*') — > EndR(iSs.f) 
to Spin C (J+ C Q. Analogously, a real spinor representation of the rotor group 
is obtained by restricting to Spin'*"(s, <). 

Proposition 9.2. Depending on s and t, the representation A^^f decomposes 
as 

As,t - A+ © A", 
As,t = A° © A°, or 
As,t = AO, 

Sometimes called a space of pinors. Beware that the terminology regarding spinor spaces 
varies a lot in the literature, and can unfortunately be quite confusing. 
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where A+, A^, A*' in the respective cases denote inequivalent irreducible repre- 
sentations o/Spin(s,i). This decomposition ofAs^t is independent of which irre- 
ducible representation p is chosen in the definition (in the case that there are two 
inequivalent such representations) . We write Sg.t — © , Sg^t — S^® S^, 
and Ss^t — S^, for the respective representation spaces, where IK tells whether 
the representation is real, complex or quaternionic. The different cases of {s,t) 
modulo 8 are listed in Table FPTTl 



Proof. This follows from Proposition 19. II and the identification 

Spin(s,< + 1) C g+(M'*^*+i) C a(M''^'+i) ^ End5^,t+i 
J l\\ 



Pin(s,i) C g{W-'*) ^End5, 



s,t 



induced by the isomorphism F in the proof of Proposition 15.11 □ 



Example 9.1. The spinor module of the space algebra t/(R ) is irreducible 
w.r.t. the spatial rotor group Spin(3,0), 

^3,0 = = iSg, 

while the spinor module of the spacetime algebra decomposes into a 

pair of equivalent four-dimensional irreducible representations of Spin(l,3), 

There is also an interesting decomposition in eight dimensions, 

which is related to the notion of triality (see e.g. |27] and references therein). 

Definition 9.2. The complex spinor representation of Spin(s,i) is the homo- 
morphism 

AC^: Spm{s,t) ^ GLc(5) 
R ^ p{R) 

obtained by restricting an irreducible complex representation p : t/(C*^*) —^ 
Endc(5) to Spin(s, t) C g+{R''^*) C ^(M^^*) (g,C^ g{C'+*). 

Proposition 9.3. When n is odd, the representation AjJ is irreducible and 
independent of which irreducible representation p is chosen in the definition. 
When n is even, there is a decomposition 

A^ = A+(B Ac 

into a direct sum of two inequivalent irreducible complex representations of 
Spin(n). 

In physics, spinors of the complex representation AjJ are usually called Dirac 
spinors, and Ajt, A^ are left- and right-handed Weyl (or chiral) spinor represen- 
tations. Elements of the real representations Sg.t are called Majorana spinors, 
while those of S^, are left- and right-handed Majorana- Weyl spinors. 



93 



7 


'-'r 


oO 


cO 




cO 






Sr ® s^ 


6 




CO 

'-'h 


'^H ® 


cO 


5S©5g 


'5r ® '^R 


s+®s- 


cO 

'-'r 


5 


CO 


Sm ® '^H 


cO 




5g©5g 




cO 

'-'r 


CO 


4 




cO 


'^C ® "^C 


5° ©5° 


'^R ® '^R 


CO 


CO 


CO 


3 


oO 




Sj^^ © 




CO 
'^R 


si 


CO 


s+®s^ 


2 






5+ ©>Sj: 




5[! 


Si 


'•^11 ■ '-ai 


SI 


1 






cO 

'-'r 


cO 


CO 


Sm ® '^H 


cO 


Sc © Si 







CO 

'-'r 


CO 


CO 


'^H ® '^H 


cO 


'^C ® '^c 


Sm ® '^R 







1 


2 


3 


4 


5 


6 


7 



Table 9.1: The decomposition of the spinor module Ss^t in the box (s,t) modulo 8. 



Note that the spinor representations defined above do not descend to rep- 
resentations of SO{s,t) since Ajj (— 1) = —id. ActuaUy, together with the 
canonical tensor representations 

ad|gi : adig^^g^.(u) 

where v ^ J^i^i^^i^ ^ = Sii,...,^. ^ii ^ ■ ■ ■ ^ ""ik ^ '3^ and {ejf^^ is an or- 
thonormal basis of M" , these additional representations provide us with the full 
set of so called fundamental representations of the Lie algebras so{n) and the 
corresponding Lie groups Spin(n). 

We refer to [26l [14] for more on this approach to spinor spaces, and proofs 
of the above propositions. 

9.2 Ideal spinors 

The above spaces of spinors can actually be considered as subspaces of the 
geometric algebra Q itself, namely as minimal left ideals of Q, with the action 
given by left multiplication on the algebra. For now, we refer to |27j for this 
approach. 

9.3 Mixed-action spinors 

A subspace of spinors 5 C can of course be extended from a minimal left ideal 
of Q to some larger invariant subspace, like a sum of such ideals, or the whole 
algebra Q. However, it is possible to consider other, intermediate, subspaces S 
by, instead of only left action, also take advantage of right action. For now, we 
refer to [H] [2S] for examples of this approach. 



= -[ei A ej,v] = {ei A e-j) j u = VjCi - ViCj, 
k 

= XI A---Aadig^/,e,(«v) A-'-Aui,,, 

r=l ii,...Sk 
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10 Some Clifford analysis on M" 

This section is currently incomplete. We refer to e.g. [TTJ [T31 HU] . 
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11 The algebra of Minkowski spacetime 

For now, we refer to chapters 5,7 and 8 in [llj. See also e.g. [Hill]. 
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A Appendix 



A.l Notions in algebra 

In order to make the presentation of this course easier to follow also without a 
wide mathematical knowledge, we give here a short summary of basic notions 
in algebra, most of which will be used in the course. 

A. 1.1 Basic notions 

A binary composition * on a set M is a map 

M X M ^ M 
{x,y) ^ x*y 

The composition is called 

associative if (x * y) * z — x * (y * z) Vx, y-, z ^ M , 
commutative \i x * y = y * x Vx, y G M . 

If there exists an element e € M such that e*x = x*e = x\lx&M then e is 
called a unit. Units are unique because, if e and e' are units, then e = e*e' = e'. 

An element x £ M has a left inverse y if y*x = e, right inverse z if x*z = e, 
and inverse yify*x = x*y = e. If * is associative and if y and z are inverses 
to X then 

z = z*e = z*{x*y) = {z*x)*y = e*y = y. 

In other words, inverses are unique whenever * is associative. 

Let * and o be two binary compositions on M. We say that * is distributive 
over o if 

X * {y o z) = {x * y) o {x * z) Vx, y,z G M 

and 

(y o z) * X = [y * x) o (z * x) \fx, y, z G M. 

From these notions one can define a variety of common mathematical struc- 
tures as follows. 

Monoid: A set with an associative binary composition. 
Group: Monoid with unit, whore every element has an inverse. 
Abelian group: Commutative group. 

Ring: A set R with two binary compositions, called addition (+) and multipli- 
cation (•), such that {R, +) is an abehan group and {R, •) is a monoid, and 
where multiplication is distributive over addition. Furthermore, it should 
hold that • a: = a: • = for all a; S i?, where denotes the additive unit 
and is called zero. 

Ring with unit: Ring where multiplication has a unit, often denoted 1 and 
called one or the identity. 
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Characteristic: The characteristic, char R, of a ring R with unit 1 is defined 
to be the smallest integer n > such that 1 + . . . + 1 = 0. If no such n 

n terms 

exists, then we define chari? = 0. 

Commutative ring: Ring with commutative multiplication. 

(Skew) Field: (Non-) Commutative ring with unit, where every nonzero ele- 
ment has a multiplicative inverse. 

Module: An abelian group (Af, ffi) is called a module over the ring {R, +, ■) if 
we are given a map (often called scalar multiplication) 

RxM M 
(r, m) I— > rm 

such that for all r,r' £ R and m,m' £ M 

i) Oijm = Om 

ii) Im = m, if i? has the multiplicative unit 1 

iii) (r + r')m = (rm) © (r'm) 

iv) r(m © m') — (rm) © (rm') 

v) (r • r')m = r{r'm) 

Remark. Usually, both the zero in R and the additive unit Om in M are 
denoted 0. Also, © is denoted + and is called addition as well. 

Submodule: If ^ is a non-empty subset of an ii-module B then A is called a 
submodule of B if 

x,y £ A => X + y £ A Va;, y 

and 

r€R,xGA=>rxGA Vr, a;, 

i.e. A is closed under addition and multiplication by scalars. (In general, 
a substructure is a non-empty subset of a structure that is closed under 
the operations of the structure.) 

Ideal: A non-empty subset J of a ring R is called a (two-sided) ideal if 

x,y € J => X + y & J Vx, y 

and 

X E J,r,q <E R ^ rxq G J Vx, r, q. 

J is called a left-sided resp. right-sided ideal if the latter condition is 
replaced with 

X £ J,r & R =^ rx £ J Va;, r 

resp. 

xQj,r€R^xr€J Va;, r. 
Vector space: Module over a field. 
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Hilbert space: Vector space over R or C with a hermitian inner product (linear 

or scsquilinear) such that the induced topology of the corresponding norm 
is complete (Cauchy sequences converge). 

R-algebra: An i?-module A is called an R-algebra if there is defined an R- 
bilinear map A x A ^ A, usually called multiplication. 

Associative R-algebra: i?-algebra with associative multiplication (hence also 
a ring). 

Lie algebra: (Typically non-associative) -R-algebra A with multiplication com- 
monly denoted [•, •] s.t. 

[a;, x] = 0, (antisymmetry) 
[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0, (Jacobi identity) 

for all x,y,z G A. 

Lie group: A group which is also a differentiable manifold (a topological space 

which is essentially composed of patches of R" that arc smoothly glued 
together) and such that the group operations are smooth. 

Example A.l. 

• N with addition is a monoid, 

• U(l) (unit complex numbers) with multiplication is an abelian group, 

• (Z, +, •) is a commutative ring, 

• Q, R, and C are fields, 

• H is a skew field, 

• R is a module over Z and a (infinite-dimensional) vector space over Q, 

• C" is a vector space over C, and a Hilbert space with the standard sesquilinear 

inner product x"^y = X]J=i ^jVj, 

■ the set R"^" of real n x n matrices with matrix multiplication is a non- 
commutative associative R-algebra with unit, 

• R^ with the cross product is a Lie algebra, 

• all the following classical groups are Lie groups: 

GL(n,K) = {ff eK"X" :detK5 7^0}, 

0(n) = {geR">'^:{gx,gyU = {x,y)uyx,yeR''}, 

SO(n) = {5 G 0(n) : detRff = 1}, 

U(n) - {.9eC"X":(,9.T,gy)c = (cc,y)cVa;,yGC"}, 

SU(n) = {ge U(n) : detc g = 1}, 

Sp(n) = {g G H"X" : {gx, gy)s = {x, y)^ Vx, y G H"}, 

where {x,y)K = x^y denotes the standard hermitian inner product on the cor- 
responding space. 
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Group homomorphism: A map (fi : G ^ G', where {G, *) and {G', *') are 
groups, such that 

(fi{x *y) = ip{x) *' ip{y) Vx, y gG 

and ip{e) = e'. 

Module homomorphism: A map ip : M —> M', where M and M' are -R- 
modules, such that 

(p{rx + y) = rip{x) + ip{y) W £ R,x,y € M. 

A map with this property is called R-linear, and the set of ii- module 
homomorphisms (p : M —> M' (which is itself naturally an ii-module) is 
denoted Homi{(M, M'). 

R-algebra homomorphism: An i?-linear map (p : A ^ A' , where A and A' 
are i?-algebras, such that (p{x *a y) — fix) *a' piy) Vx,y £ A. If A and 
A' have units 1a resp. 1a' then we also require that <^(1a) = 1a'- 

Isomorphism: A bijective homomorphism ip : A ^ B {it follows that also p~'^ 
is a homomorphism). We say that A and B are isomorphic and write 

A = B. 

Endomorphism: A homomorphism from an object to itself. For an i?-module 
M, we denote Endij M := Homij(M, M). 

Automorphism: An endomorphism which is also an isomorphism. 

Relation: A relation on a set X is a subset R C X x X. If (x, y) S J? then we 
say that x is related to y and write xRy. 

A relation on X is called 

reflexive if xRx ^x & X, 
symmetric if xRy yRx Vx, y G X, 
antisymmetric if xRy & yRx x = y Vx, y S X, 
transitive if xRy & yRz xRz Vx, y, z € X. 

Partial order: A reflexive, antisymmetric, and transitive relation. 

Total order: A partial order such that either xRy or yRx holds Vx, y £ X. 

Equivalence relation: A reflexive, symmetric, and transitive relation. 

A. 1.2 Direct products and sums 

Suppose we are given an i?-module Mi for each i in some index set /. A function 
f : I ^ Uie/ called a section if f{i) G Mj for all i € I. The support of a 

section /, supp/, is the set {i e / : /(«) 7^ 0}. 

Definition A.l. The (direct) product Yl Mi of the modules Mi is the set of all 

sections. The (direct) sum |J Mj = Mj is the set of all sections with flnite 

iei iei 

support. 
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If I is finite, I = {1,2,..., n}, then the product and sum coincide and is also 
denoted Mi © M2 © . . . e M„. 

The i?-module structure on the direct sum and product is given by "point- 
wise" summation and ii-multipHcation, 

if + gm ■■= m + gii), and (r/)(i) := r(/(i)), 

for sections /, g and r G R. If, moreover, the ii-modules Mj also are ii-algebras, 
then we can promote Hie/ and 0,^7 Mj into i?-algebras as well by defining 
"pointwise" multiplication 

ifgm :=,/W.9W- 
Also note that we have canonical surjectivc i?-modulc homomorphisms 

and canonical injective i?-module homomorphisms 

aj : Mj 5m\->- aj{m) G ^ M,, 

defined by aj{m){i) := {i = j)m. 

Let us consider the case Mi = R, for all i G /, in a little more detail. Denote 
by X an arbitrary set and R a ring with unit. If / : X — > i? then the support 
of / is given by 

supp/ = {xGX:/(x)^0}. 

Definition A. 2. The direct sum of R over X, or the free R-module generated 
by X, is the set of all functions from X to R with finite support, and is denoted 
ei?orUi?- 

X X 

For X G X, we conveniently define '■ X ^ R through Sx{y) = {x = y), i.e. 
5x{y) = if 2/ 9^ a;, and 5x{x) = 1. Then, for any f : X ^ R with finite support, 
we have 

m = E fi^)^-iy) G X, 

xex 

or, with the ii-module structure taken into account, 

xex 

This sum is usually written simply / = X^xex f{x)x or X^^ex f^^^ and is 
interpreted as a formal sum of the elements in X with coefficients in R. 

Exercise A.l. Prove the following universality properties of the product and 
the sum: 

a) Let N be an ii-module and let pj G llomii{N, Mj) for all j G /. Show 
that there exist unique tj G Ilomii{N,Y\^^j Mi), such that the diagram below 
commutes: 
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b) Let pj : Mj — > A'' be in liomii{Mj,N). Prove that there exist unique 
Tj e Homi{(0^gj Mi, N), making the diagram below commutative: 

N 

A.1.3 Lists 

Let X be an arbitrary set and define the cartesian products of X inductively 
through 

X° = {0} {the empty list) 
X^ = X 

= X X X", n > 0. 

Note that X is isomorphic to X x X^. 

Definition A. 3. List X := U„>o X" is the set of all finite lists of elements in 
X. 

We have a natural monoid structure on ListX through concatenation of 
lists: 

List X X List X -» List X 

{xiX2 --.Xm , 2/12/2 • • • 2/n) Xi . . . XmUl ■ ■ ■ Un 

This binary composition, which we shall call multiplication of lists, is obviously 
associative, and the empty list, which we can call 1, is the unit. 

A. 1.4 The free associative i?-algebra generated by X 

Let M ~ ListX and define the free associative R-algebra generated by X, or the 
noncommutative polynomial ring over the ring R in the variables X, first as an 
i?-module by 

i?{X}:=0i?. 

M 

We shall now define a multiplication on R{X} which extends our multiplication 
on M, such that R{X} becomes a ring. Wc let 

R{X} X R{X} R{X} 

if, 9) ^ fg, 

where 

(/5)(m):= J2 /K)ff(m"). 

m' m" —m 

That is, we sum over all (finitely many) pairs {m',m") such that m' G supp/, 
m" e supp 5 and m = m'm". 

If we interpret / and g as formal sums over M, i.e. 

f = ^ = X] 

meM meM 
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then we obtain 

fg= X] fm'9m"m'm". 

Remark. We could of course also promote 0j\^ -R to a ring in this way if we 
only required that M is a monoid and R a ring with unit. 

Exercise A. 2. Veriiy that R{X} is a ring with unit. 



A. 1.5 Quotients 

Let A be a submodule of the the i?-module B and define, for x G B, 

X + A := {x + y: y G A}. 

Sets of the form x + A are called residue classes and the set of these is denoted 
B/A, i.e. 

B/A = {x + A:xgB}. 

The residue class x + A with representative a; G _B is often denoted [x] . 

We will now promote B/A to an i?- module (called a quotient module). Ad- 
dition is defined by 

B/A X B/A i B/A 
{x + A,y + A) H^- x + y + A. 

We have to verify that addition is well defined, so assume that x + A = x' + A 
and y + A = y' + A. Then wc must have x — x' E A and y — y' £ A so that 
x' + y' + A = X + y + {x' - x) + {y' - y) + A. Hence, x' + y' + A<Zx + y + A 
and similarly x + y + A C x' + y' + A. This shows that x' + y' + A = x + y + A. 
Multiplication with ring elements is defined similarly by 

RxB/A B/A 
(r, X + A) 1-^ rx + A. 

Exercise A. 3. Verify that the -R-multiplication above is well defined and that 
B/A becomes a module over R. 

If instead J is an ideal in the ring R, we let 

R/J = {x + J:xeR} 

and define addition through 

R/.J X R/J i R/.J 
{x + J,y + J) x + y + J, 

and multiplication through 

R/J X R/J R/J 
{x + J,y + J) l-^ xy + J. 

We leave to the reader to verify that the addition and multiplication defined 
above are well defined and that they promote R/J to a, ring. 

Example A. 2. nZ with n a positive integer is an ideal in Z, and Z„ := 
is a ring with characteristic n (and a field when n is prime). 
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A. 1.6 Tensor products of modules 

Let A and B be i?-modules and let D be the smallest submodule of 0^xb ^ 
containing the set 

|(a + a', b) — (a, b) — (a', b), (a, b + b') — (a, b) — (a, 6'), (ra, b) — r{a, b), 
{a,rb) - r{a,b) : a,a' £ A, b,b' £ B, r £ 
Then the tensor product A ^b. B (or simply A^ B) oi A and B is defined by 

A^rB:^ r/d. 

AxB 

The point with the above construction is the following 

Theorem A.l (Universality). To each bilinear A x B C , where A,B and 
C are R-modules, there exists a unique linear X : A (gi B —> C such that the 
diagram below commutes 

AxB ^ C 

A(S)B 

Here, ^:^.AxB—^A(E)B is the canonical projection that satisfies ■n{a,b) — 
a®b :— (a, b) + D, where (a, b) on the right hand side is an element in ®^xs ^• 

Exercise A. 4. Verify the above theorem. 
A. 1.7 Sums and products of algebras 

Let A and B be i?-algebras with multiplication maps *a resp. *b- We have 
defined the direct sum A © i? as an i?-algebra through pointwise multiplication, 

{A®B)x{A®B) A®B 
((a, 6) , (a', 6')) ^ (a *a a' ,b b'). 

We can also promote the tensor product Ai^rB into an i?-algebra by introducing 
the product 

{A (»R B) x{A®rB) A®rB 

{a®b , a' ®b') i-^ (a *a a') {b *b b') 

and extending linearly. If 1a and 1b are units on A resp. B, then {1a-,1b) 
becomes a unit on A (B B and 1a ® 1b becomes a unit on A ®r B. Note 
that the above algebras may look similar, but they are very different since e.g. 
U ® = ® 1b = 0, while (U, Is) = (1a, 0) + (0, Is) 0. 

It is easy to see that if A and B are associative i?-algebras, then also A® B 
and A (S^r B are associative. Furthermore, it holds that 

i?"""" A"""" ^ A"™''"™, (A.l) 

as i?-algebras, where n, m are positive integers, and i? is a ring with unit. 

Exercise A. 5. Prove the isomorphism (|A.ip by considering the map 

(r , a) ^ F{r,a), 

with F{r,a)(ij-)^(k,i) := n,kaj,u and i,k £ {1,.. . ,n}, jj £ {1, . . . ,m}. 
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A.1.8 The tensor algebra r(V^) 

The tensor algebra T{V) of a module V over a ring R can be defined as a direct 
sum of tensor products of V with itself, 

nv) :=e((g)V), 

where 0° Y i?, (g)^ V, 0*^+^ V" :== {i^^ V) ®b. V, and with the obvious 
associative multiplication (concatenation of tensors) extended linearly, 

{vi® . . .® Vj) ® {wi (g) . . . ® Wk) := (8) . . . ® wi (8) . . . ® Wk- 

Alternatively, T{V) is obtained as the free associative i?-algebra generated by 
either the set V itself, 

T{V) - R{V}/D, 

where D is the ideal generating linearity in each factor (similarly to D in the 
definition of the tensor product above), or (when i? = F is a field) by simply 
choosing a basis E of V, 

T{V) ^ ¥{E}. 

Exercise A. 6. Verify the equivalence of these three definitions of T{V). 
A.2 Expansion of the inner product 

Let A{n,m) denote the set of ordered m-subsets A = (Ai < A2 < . . . < A„i) 
of the set {1,2,..., n}, with m < n. The ordered complement of A is denoted 
A"^ = (Af < A2 < . . . < ^n~m)- Furthermore, we denote by sgnA the sign of the 
permutation (Ai, A2, . . . , A^, A^, A2, . . . , ^n-m)- For an n-blade A — ai A - ■ ■ Attn 
we use the corresponding notation A\ — a\-^ A A ■ ■ ■ A , etc. 

Theorem A.2. For any m-vector x e t/™ and n-blade A £ Bn, m < n, we 

have 

xi-A= ^ (sgnA)(x =1= Aa)Aao. (A.2) 

AeA(ri,m) 

Proof. First note that both sides of (IA.2P are linear in x and that the l.h.s. 
is linear and alternating in the afe's. To prove that a multilinear mapping 
F : V X V X . . . X V = W is alternating it is enough to show that 

F{xi, . . . , Xn) — whenever Xg — x^+i for s = 1, . . . , n—1. So for the right hand 
side, suppose that as — Og+i and consider a fixed A £ A(n, m). If {s, s + 1} C A 
or {s, s + 1} C A'^, then Ax or Ax^ vanishes. So let us assume e.g. that s £ A 
and s + 1 G A'^, say s = A^, s + 1 = AJ. We define ^ G A{n, m) such that 

(A, A*^) = (Ai, A2, . . . , \i = s, . . . , A„i, A^, A2, . . . , AJ = s+1, . . . , A^_„j) 

N /" II II II II II N 

(M,/^'') = (A^I, M2, • ■ • , Ail = S+1, • ■ • , Mm, Ml, Ai2> ■ • ■ ; Mj = «, ■•■,M«-m) 

Then /i G K{n,m), sgn/i ~ — sgnA, and since = Os+i, we have Ax = A^ and 
Axo = Af,c. Thus, (sgnA) (a; * Ax)Ax<= + (sgn^)(a; * A^)A^c = 0. 

We conclude that both sides of (|A.2p are alternating and multilinear in 
ai, . . . , an- Hence, we may without loss of generality assume that x = ei . . . Cm 
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and A = ei...em...e„ (otherwise both sides are zero), where {ei,...,ed}, 
m < n < d, denotes an orthogonal basis for V = . But then the theorem is 

obvious, since 

sgn A ((ei ...em)* (cai • • • ex^))exc . . . eA= _^ 

A6A(n,m) 

= ((ei . . . em) * (ei . . . em))em+i • • • Crf. 

□ 

A. 3 Extension of morphisms 

Let A be an abclian group such that a + a = for all a G ^ and let M be a 
monoid with unit 0. A map Lp : A ^ M is called a homomorphism if (^(0) = 
and (/?(a + h) — ip{a) + (p{h) for all a,b € A. We have the following 

Theorem A. 3. If H is a subgroup of A and ip : H ^ M is a homomorphism 
then there exists an extension of to a homomorphism ip : A ^ M such that 
iI)\h = ^p. 

Proof, hci a e A\H and form Ha := H\j{a + H). Define ipa : Ha ^ M by 
^a{h) := ip{h) ii h G H and (pa{a + h) := ip{h). It is easy to see that Ha is a 
subgroup of A and that ipa is a homomorphism that extends ip. 

Let us introduce a partial order < on pairs (H' , ip') where H' is a subgroup 
of A and (p' is a homomorphism H' ^ M which extends tp. We define (ff', ip') < 
{H",(p") if H' C H" and <^"|jf' = <p'. By the Hausdorff maximality theorem 
there exists a maximal chain 

IC = {{H\ip'):iGl}, 

where / is a total ordered index set w.r.t <, and 

t<j ^ {H\^')<{H\^). 

Now, let H* := (J.^j- H\ Then H* is a subgroup of ^ such that W C H* Vi e I, 
since if a, 6 e H* then there exists some i £ I such that both a, 6 e H^, i.e. 
a + b e H' C H*. We also define cp* : H* ^ M hy ip*{a) = ip'{a) if a e H\ 
This is well-defined. 

Now, if H* ^ A then we could find a £ A \ H* and extend ip* to a homo- 
morphism 'p*a : H* — ^ M as above. But then K, U {{H*, ipa)} would be an even 
greater chain than /C, which is a contradiction. This proves the theorem. □ 

Now, consider the case when A = (J'(X),A), H = M = {±1} = Za 

with multiplication, and (p{A) = (— l)'^' for A G 3^{X). We then obtain 

Theorem A. 4. There exists a homomorphism 

<^:(?(X),A)-({-l,l},.) 

such that (p{A) = (-l)'"*' for finite subsets AC X, and ip{AAB) = ip{A)ip{B) 
for allA,B C X. 

In particular, if A,B C X are disjoint then ip{A U B) = ip{AAB) = ip{A)ip{B). 
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A. 4 Matrix theorems 



In the following theorem we assume that R is an arbitrary commutative ring 
and 



an 



air. 



i.e. Qj denotes the j:th column in A. If / C {1, . . . , n} and J C {!,..., m} 
we let Aj^j denote the |/| x | J|-matrix minor obtained from A by deleting the 
rows and columns not in / and J. Further, let k denote the rank of A, i.e. the 
highest integer k such that there exists I, J as above with |J| = |J| = and 
det Aj^j ^ 0. By renumbering the a,j :s we can without loss of generality assume 
that 7= J = {l,2,...,/c}. 

Theorem A. 5 (Basis minor). // the rank of A is k, and 

cm • • • Oifc 



d := det 



Ofefe 



then every d ■ aj is a linear combination of ai, . . . , ak- 

Proof. Pick i G {1, . . . ,n} and j G {1, . . . , m} and consider the (A:+ 1) x 1)- 
matrix 

an ■ ■ ■ aik ay 



an 



a,kk akj 
aik a-ij 



Then det-Bj^j = 0. Expanding det-Bj^j along the bottom row for fixed i we 
obtain 

aiiCi + . . . + aikCk + Oijd^O, (A. 3) 

where the Ci are independent of the choice of i (but of course dependent on j). 
Hence, 

Ciai + . . . + CfeOfc + daj = 0, (A.4) 
and similarly for all j. □ 

The following shows that the factorization det{AB) = det(j4) det(B) is a 
unique property of the determinant. 

Theorem A. 6 (Uniqueness of determinant). Assume that d : R"^" ^ R is 
continuous and satisfies 

d{AB) = d{A)d{B) (A.5) 

for all A,B e IR"><". Then d must be either 0, 1, | det |" or (sign o det) | det |" 

for some a > 0. 

Proof. First, we have that (J denotes the unit matrix) 

d(0) = rf(02) =d(0)2, 
d{I) = d{P) = d{I)\ 
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so d{Q) and d{I) must be either or 1. Furthermore, 



d{0) = d{OA) = d{Q)d{A), 
d{A) = d{IA) = d{I)d{A), 

for all A e M"^", which imphes that d = 1 if d(0) = 1 and d = if d{I) = 0. 
We can therefore assume that (i(0) = and d{I) = 1. 
Now, an arbitrary matrix A can be written as 

A = E1E2 ■ ■ ■ EkR, 

where R is on reduced row-echelon form (reduced as much as possible by Gaus- 
sian elimination) and Ei are elementary row operations of the form 

Rij (swap rows i and j), 

Ei{X) (scale row i by A), or 
Eij{c) := (add c times row j to row i). 

Because = /, we must have d{Rij) = ±1. This gives, since 

Ei{\) = RiiEi{X)Rii, 

that d{E,{X)) = d{Ei{X)) and 

d{XI)^d{Ei{X)...En{X))=d{Ei{X))...d{E,,{X))^d{Ei{X))''. 

In particular, we have (i(£'i(0)) = and of course (i(£^i(l)) = d{T) = 1. 

If A is invertible, then R = I. Otherwise, R must contain a row of zeros so 
that R = E,{0)R for some i. But then d{R) = and d{A) ^ 0. When A is 
invertible we have / = AA''^ and 1 = d{I) = d{A)d{A-^), i.e. d{A) ^ and 
d{A-^) = d{A)-^. Hence, 

A e GL{n) ^ d{A) ^ 0. 

We thus have that d is completely determined by its values on Rij, Ei{X) and 
Eij (c). Note that we have not yet used the continuity of d, but let us do so now. 
We can split R"^" into three connected components, namely GL~(?t,), det~"'^(0) 
and GL~''(n), where the determinant is less than, equal to, and greater than 
zero, respectively. Since Ei{l), Eij{c) G GL+(n) and Ei{~l), Rij G GL^(n), 
we have by continuity of d that 

d{Rij) = +1 d is > 0, = 0, resp. > 

d{R,j) = -1 d is < 0, = 0, resp. > ''^'^^ 

on these parts. Using that d(i?i(— 1))^ = (i(£'i(— 1)^) = d{I) = 1, we have 
d{Ei{-l)) = ±1 and d{Ei{-X)) = d{Ei{-l))d{Ei{X)) ^ ±d{Ei{X)) where 
the sign depends on (|A.6|) . On R++ := {A G R : A > 0} we have a continuous 
map doEi: R++ R++ such that 

doEi{Xfi) =doEi{X) -doEiin) V A, /i G M++. 
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Forming f := Ino d o Ei o exp, we then have a continuous map / : R ^ M such 
that 

f{\ + ^i) = f{X) + f{^,). 

By extending hnearity from Z to Q and R by continuity, we must have that 
/(A) = aX for some a G R. Hence, d o Ei{X) — A". Continuity also demands 
that a > 0. 

It only remains to consider doEij : R R++. We have doEij{0) — d{I) — 1 
and Eij{c)Eij{'j) = Eij{c + 7), i.e. 

doE,j{c + j)^doE,j{c)-doE,j{j) Vc,7eR. (A.7) 

Proceeding as above, g := Ino d o Eij : R — > R is linear, so that g(c) = aijC 
for some G R, hence d o Eij[c) = e"'^'^. One can verify that the following 
identity holds for all 

Ej,{-1) = E,{-l)R,,Ej,{l)E,j{-l). 

This gives d{Eji{-l)) = {±l){±l)d{Eji{\))d{E,j{~l)) and, using ^Ej\, 

d{E,,{l)) = d{Ej,{2)) = d{Ej,{l + 1)) = d{E,,il))d{Ej,{l)) 
= d{E,,{2))d{E.,,{2))^d{E.,,{4)), 

which requires = 0. 

We conclude that d is completely determined by a > 0, where d o Ei{X) — 
A" and A > 0, plus whether d takes negative values or not. This proves the 
theorem. □ 
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